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Tests for evaluating nonresponse bias in surveys

Sharon L. Lohr, Minsun K. Riddles and David Morganstein'

Abstract

How do we tell whether weighting adjustments reduce nonresponse bias? If a variable is measured for everyone
in the selected sample, then the design weights can be used to calculate an approximately unbiased estimate of
the population mean or total for that variable. A second estimate of the population mean or total can be calculated
using the survey respondents only, with weights that have been adjusted for nonresponse. If the two estimates
disagree, then there is evidence that the weight adjustments may not have removed the nonresponse bias for that
variable. In this paper we develop the theoretical properties of linearization and jackknife variance estimators for
evaluating the bias of an estimated population mean or total by comparing estimates calculated from overlapping
subsets of the same data with different sets of weights, when poststratification or inverse propensity weighting is
used for the nonresponse adjustments to the weights. We provide sufficient conditions on the population, sample,
and response mechanism for the variance estimators to be consistent, and demonstrate their small-sample
properties through a simulation study.

Key Words: Inverse propensity weighting; Poststratification; Replication variance estimation; Responsive design.

1 Introduction

Nonresponse rates in probability samples are increasing worldwide. The U.S. Office of Management and
Budget requires a nonresponse bias analysis when response rates are low or there are other indications that
bias may be a problem (United States Office of Management and Budget 2006). Groves (2006)
recommended using multiple approaches to assess potential nonresponse bias on key survey estimates.

Assessing potential nonresponse bias typically requires an external “gold standard” data source or rich
sampling frame information. Common approaches for assessing nonresponse bias include: (1) comparing
frame variables for respondents and nonrespondents, (2) comparing early and late respondents on frame
variables and key survey variables, and (3) comparing estimates from the survey respondents (using
nonresponse-adjusted weights) with estimates from an independent gold standard source. Differences in (1)
and (2), however, do not necessarily imply that nonresponse bias remains after the weights are adjusted
through calibration or propensity methods. If weight adjustments such as those described in Brick (2013)
are successful in adjusting for nonresponse bias, the estimates from the survey using the nonresponse-
adjusted weights may be approximately unbiased even if assessments (1) and (2) show differences.

In this paper we compare an estimate calculated using base weights from the selected sample with an
estimate of the same quantity calculated using nonresponse-adjusted weights from the respondents only. An
example might be comparing the estimated proportion of persons living in census tracts with more than 50%
of housing units being owner occupied from (1) the selected sample, using the base weights, (2) the
respondents, using the base weights, and (3) the respondents, using nonresponse-adjusted and/or
poststratified weights. All three estimates of the proportion use the same characteristic, y, which is assumed
to be known for everyone in the selected sample.

1. Sharon Lohr and David Morganstein are Vice Presidents and Minsun Riddles is Statistician at Westat, 1600 Research Blvd., Rockville MD
20850. E-mail: sharonlohr@westat.com.



196 Lohr, Riddles and Morganstein: Tests for evaluating nonresponse bias in surveys

The requirement that y be known for the selected sample restricts the set of variables that can be used
to test for nonresponse bias. Typically, many of the key variables of interest are available only for the
respondents, not for the entire selected sample. Other variables that are available for the entire selected
sample may be used for poststratification or other nonresponse weighting adjustments. Poststratification
forces the estimates of population totals for poststratification variables to equal the independent population
counts for these variables, so these variables would not be expected to exhibit nonresponse bias after weight
adjustments are performed. Variables that are available for the entire selected sample but are not used in the
nonresponse weighting adjustments, and variables that are correlated with key survey variables, are the best
choices for testing nonresponse bias. Examples of such variables include sample frame variables that are
not used in poststratification (for example, an e-mail survey of university students may have information on
academic performance that is not used in the nonresponse weighting), characteristics from a census (such
as percent poverty in the block containing the sampled address), or information gathered by the interviewer
(such as indications of children in the household that are visible from the street).

Eltinge (2002) and Harris-Kojetin (2012) recommended comparing estimates using different sets of
weights to assess nonresponse bias and to choose among competing sets of nonresponse-adjusted weights.
Such comparisons are common in nonresponse bias analyses: for example, Hamrick (2012) compared
respondents with the full sample in the Eating and Health Module of the American Time Use Survey. To
date, however, there has been no comprehensive examination of the statistical properties underlying these
comparisons. In this paper, we derive the theoretical properties of variance estimators and hypothesis tests
for the differences among estimated means that are calculated using the same outcome variable but with
different weights and subsets of the data, and give conditions that will ensure consistency of the variance

estimators.

Poststratification or inverse propensity weighting are commonly used to compensate for nonresponse
bias. Yung and Rao (2000) derived linearization and jackknife estimators for the variance of a population
mean estimated using poststratification, with and without nonresponse. They considered a uniform response
mechanism in which each poststratum has the same response propensity, and considered the response
indicator to be a fixed characteristic of the finite population. Kim and Kim (2007) studied asymptotic
properties for inverse propensity weight adjustments, assuming that the response indicators of different units
are independent. The previous work studied the variance of the poststratified or inverse-propensity-weighted
statistic of interest. The problem we consider differs from the previous work because the estimated
population total from the selected sample is often highly correlated with the estimate calculated using the
respondents only, particularly when the response rate approaches one. The linearization and replication
variance estimators in this paper account for that high correlation between the two sets of estimates, and
thus can be used for testing the hypothesis that the poststratification or inverse propensity weighting
removes the bias for the variables studied. We also extend previous research by allowing the response
indicators to be correlated within primary sampling units, reflecting possible within-cluster homogeneity
for responding to the survey.

Section 2 defines the parameter to be tested in the poststratification setting, derives the linearization and
jackknife variance estimators, and gives sufficient conditions for the variance estimators to be consistent.
In some circumstances the linearized variance of the test statistic may be zero under the null hypothesis, in
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which case higher-order terms of the variance are needed. The higher-order terms are derived for the special
case of simple random sampling in Theorem 3. Section 3 provides the linearization and jackknife variance
estimators for testing the hypothesis that the propensity weights remove the nonresponse bias. Section 4

presents simulation studies and Section 5 contains concluding remarks and discusses future work.

2 Poststratification

2.1 Parameter and linearization variance

Suppose the finite population U has H strata, with N, primary sampling units (PSUs) in stratum h,
M, units in PSU i of stratum h, and M = ZhiM ,i units in total. Let y,. denote the quantity of interest
for unit k in PSU (hi). A probability sample S is taken from the population, with n, PSUs selected from
stratum h and n= Z::l n,. The sample of PSUs from stratum h is denoted by S,, and the sample of
units from PSU (hi) is denoted by S, .. Each unit has a design weight w,, =1/P (unit hik € S), and the

PSU-level design weight is w,, =1/P(PSU hie§,).

Two frameworks are commonly used for the nonresponse mechanism. In a two-phase “forward”
framework, the sample is selected at phase 1 and the nonresponse mechanism is a second phase of selection
(Oh and Scheuren 1987; Sarndal and Lundstrom 2005). Fay (1991) proposed a “reverse framework™ which
was studied further by Shao and Steel (1999) and Haziza, Thompson, and Yung (2010). In this framework,
the nonresponse mechanism is applied to the finite population first, and then the sample is selected. The
reverse framework, which we follow in this paper, specifies a nonresponse mechanism for nonsampled as
well as sampled units. We assume that every unit in the population has a value of the response indicator
M- Let Ry = E[r,
the true response propensity for unit (hik) in the population.

| under the response mechanism in the finite population, so that R, is the value of

Suppose the characteristic y is known for all units in the selected sample. We compare the estimated
population total using everyone in the sample with the estimated total using the poststratification-weighted
respondents. There are C poststrata and poststratum ¢ has M population units with M = Z; M.. The
poststratum counts M_ may be obtained from the sampling frame if the poststratification variables are
known for every unit in the frame. Often, however, the poststratum counts come from an external source
such as a census. Let o,
rate in poststratum C is p, = Zhikeu RiikOchik / M. . Yung and Rao (2000) assumed that the response rate

=1 if unit (hik) is in poststratum ¢ and 0 otherwise. The population response

p. was the same for each poststratum. In many applications, however, the poststrata are formed so that
response propensities within each poststratum are homogeneous, but the poststrata themselves have
different mean response propensities. We therefore allow p_ to differ among the poststrata.

If y is known for all members of the selected sample, then the estimator of the population total using

the sample is

YSS - z Whik yhik = Z ZhikWhik yhik’ (21)

hikeS hikeU
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198 Lohr, Riddles and Morganstein: Tests for evaluating nonresponse bias in surveys

where W, is the design weight for unit k of PSU i in stratum h and Z,, is the indicator variable for

sample inclusion. Using the respondents only, the poststratified estimator of the population total is

C Z Whik I’.hiké‘chik yhik YAR

C
Yoo = > M ke =3 M, . (2.2)
° Z Z Whlk hik Chlk Z MCR

c=1 c=1
hikeS

We define the finite population parameter of interest to be the difference between the expected value of

YAPs and the expected value of YASS , which will be 0 if there is no nonresponse bias after poststratification.
Define
MCR = Z chik hlk = cMc’
hikeU
YCR = Z chik hlk yhlk 4
hikeU
and
C C YR
0= Z'V' MR —Y =3 =Y. 2.3)
c=1 c c=1 pc
Using the relation Zh e O i (Rhik - pc) =0,

Il
Mo

Rhlk J
y 1 C I - 1
TR ( P,
C Y R
6 hik 1)()/ o c j
Zlhlkeu chik ( pc hik MCR

We are interested in testing the hypothesis H :0=0 vs. H,: 8 #0, or alternatively in obtaining a
= p, for

o
Il

confidence interval for @. If the response propensity in each poststratum ¢ is uniform with R,

all units having o ., =1, then @ will be zero. Alternatively, & = 0 if there is no variability in the response

chik
variable y, . within each poststratum. If either of these conditions holds, poststratification corrects for bias
from nonresponse. Note that if each of the poststrata has uniform response propensity — that is, the
poststratification variables completely explain the variability in underlying response propensities — then the
poststratification will in fact remove bias for every possible y variable. If the variance of y,, is 0 within
each poststratum, poststratification removes bias for y but it does not necessarily remove bias for other

variables.

We estimate 6 by 0= VPS -Y

ss» Which may be rewritten as

(2.4)

where YR =YR/MF, yR =Y

Statistics Canada, Catalogue No. 12-001-X
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—(VE-YF)(ME-ME). (2.5)

Theorem 1 gives the variance of . Define

Rhlk Z Chlk{ - yhlk c) yhlk}

C

We assume the following regularity conditions.
(A1) The number of poststrata, C, is fixed and M / M — 4 <(0,1).
(A2) There exists a constant K such that | Yiic | <K forall (hik).
(A3) max,; W,, =0(M/n) and max,, w,;, /W, isbounded.

(A4) R,, > ¢ forall (hik), fora fixed & > 0. This guarantees that every unit has a positive response
propensity that is bounded away from O.

(A5) The vector of response indicators r =[r,

hik
indicators Z =[Z,; ]. In addition, r;, and r, are independent when (hi)# (lj), so that the

| is independent of the vector of sample inclusion

response indicators in different PSUs are uncorrelated.

Assumptions (A1) and (A4) ensure that the denominator in (2.3) is nonzero almost surely. Assumption
(A2) could be replaced by weaker Liapunov-type conditions such as those in Theorem 1.3.2 of Fuller (2009)
or Yung and Rao (2000) if more restrictive assumptions are placed on the covariance structure of the
response indicators I, ; however, in practice it can be assumed that almost any characteristic measured in
a finite population is bounded. Assumption (A5) is weaker than the assumption used in Kim and Kim (2007)
that the response indicators are independent across units. With assumption (A5), individuals in the same
PSU (for example, persons in the same household or same city) may exhibit dependence when choosing

whether to respond to a survey, but the response indicators of individuals in different PSUs are independent.

Theorem 1. Under conditions (A1) — (A5), the variance of & is

V(0)=V,(0)+V,(6).

where
(é) = ( Z Zh|k hik Rhlkj |: |:Z ZhIkWhIkZ5Chlk hlk (yhlk Y R) j|j| (26)
hikeU hikeU
and
c T cC T C (yrR_V 7
v (0) V|| v2 con| S SEEINE g ooy,
c=1 Mg c=1 Mg c=1 ¢

The proof is given in the appendix. Usually, only V, (é) would be considered because for most
applications it has higher order than V, (é) Unlike situations typically studied in survey sampling, however,

the first-order term of the linearization variance can be zero for some situations, and in those cases

Statistics Canada, Catalogue No. 12-001-X



200 Lohr, Riddles and Morganstein: Tests for evaluating nonresponse bias in surveys

\ (é) =V, (é) . If the first-order term is not exactly zero but has order 0(M2/n), both terms of the variance
are needed.

The second term in (2.6) equals 0 if p_ =1 for all poststrata ¢ (that is, there is full response), or if there
is no variability among the y values within poststratum ¢ for each poststratum with p_ <1. If the response
indicators r., are all independent, then

V[ 3 203 0T

hikeU

2| 3 w3 S T

hikeU

Under the hypothesized uniform response propensity mechanism that R,., = p, for all population units in
poststratum C, the first term in (2.6) is

TN R R R

hikeU hikeU c=1

If response propensities are uniform, this term equals zero if the population mean of Y is the same for all
poststrata and the estimated poststratum sizes sum to M.

If (n/M?)V, (é) converges to a positive constant, a linearization variance estimator for V (é) is

N A Hon
Vi(0)= 2 2w -b 27)
h=1 IESh
where
<M,
b, = Z Whik {Z M R it O (yhlk VcR)_ yhik}
keSy; c=1 c
and
1
b =—>»b,..
h nh & hi

Theorem 2. Suppose conditions (A1) — (A5) hold and that (n/M?)V, ( ) converges to a positive constant.
Then (n/M2)[V_(8)-V, ()] - 0 in probability.

Theorem 2 is proven in the Appendix.

2.2 Higher-order terms of the variance

When V, (é) =0(M?/n), the higher-order terms of the variance are needed. Theorem 3 gives these
higher-order terms for the special case of simple random sampling. For simple random sampling, each unit
is denoted by the subscript i instead of hik.

Statistics Canada, Catalogue No. 12-001-X
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Theorem 3. Suppose conditions (A1) — (A5) are met, and that a simple random sample of n units is selected
from the population of M units, where n/M — 0. Let YN =" w5y, (1-T,) be the estimated total
for the nonrespondents in poststratum c. Assume that y® is independent of M® and YM®, and that all r,
are independent and are independent of Z.. Then

V[yE-YRIV[MF-ME]+0(M2/n?)

C C

& 2p, -1

2
c=1 pc

v (9) -

We can estimate V, (é) in a simple random sample by

sz—mzmp M —M,_p,
3 ( )

c=1 pcz n

where f is the empirical response rate in poststratum €, nf is the number of respondents in poststratum

B

c, and s? is the sample variance of y for the respondents in poststratum C.

In practice, the estimated first-order term of the variance using (2.7) will in general be nonzero even
when V, (é) = 0. Thus, the estimated first-order term cannot be used to diagnose whether the higher-order
terms are needed. However, the variance expression in (2.6) implies that V, (é) is sufficiently large for the
first-order approximation to be valid when all poststrata have response rates bounded away from one and

non-negligible within-poststratum variance.

2.3 Jackknife

The jackknife estimator of the variance is defined as follows:

v, ()= >l Z (6w -0)", 2.8)

g=1 ng jeSg

where
Nei) = V(@) _ (@)
o@ =Yos —Yss s
(9))
C thlk I’-hlké‘chlk yhlk

7(9) — hikeS
Yps ZMc ZWGJ)r S ’
c=1 hik "hik “chik

hikeS
YAs(sgj) = wa(ngli)yhik’
hikeS
and the jackknife weights are:
0 it (hi) = (gi)
: n
wW =1——w_ if h=g,i=]. (2.9)
n, —1
W, if h=g
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If (n/M?2)V, (é) converges to a positive constant and assumptions (A1) — (A5) hold, then \/AJ (é) / Vv, (é)
converges to 1 in probability. This follows by standard jackknife arguments (Theorem 6.1 of Shao and Tu
1995) because the population parameter is a continuously differentiable function of population totals. Under
the conditions of Theorem 2, either 9/ N \7L (é) or 9/ N VJ (é) may be used as a test statistic. Each
approximately follows a standard normal distribution when the null hypothesis H : 6 = 0 is true.

2.4 Remarks and extensions

In this section we derived the linearization variance estimator for comparing the estimated population
total of a quantity known for everyone in the selected sample with the poststratified estimate calculated
using the respondents only. Theorems 1 and 2 also give the variance and variance estimator for comparing
the estimator calculated using the selected sample with that from the base-weighted respondents. In that
case, Y, reduces to an estimator with one poststratum, Y, = (M /NIR )YA R, where MR = Z (nikges Wik ik

What happens if y is one of the poststratification variables? In the framework used in this section, the
population counts for the poststratification variables are obtained from the sampling frame or an external
source. If y is a linear combination of poststratification class indicators, then YAPS is the same for all possible
samples and thus has zero variance. Then V (é) =V (YASS ) , which is the first-order term of the variance in
Theorem 1. If y is also a stratification variable in the design, then V (é) will be zero. If y is not a
stratification variable, then typically Y., will vary from sample to sample and will have variance of order
O(M?/n) so that the test of nonresponse bias can be performed. We would expect the rejection rate for the

test to be the significance level « in this case.

The parameter 6 in (2.3) was defined as the difference between the poststratified population total,
calculated using the population response propensities under the poststratification scheme adopted, and the
unadjusted population total. In (2.4), the unadjusted population total Y was estimated by the Horvitz-
Thompson estimator. The parameter & could alternatively be estimated by

s

éz :YAPS _ZMc . >

c
c=1 ¢

<

in which a poststratified estimator is used instead of YASS . The variance of 92 is expected to be less than the
variance of @ under the poststratification assumptions, resulting in a more powerful test. However, when
y is a linear combination of the poststratum indicators, the statistic 92 cannot be used to test H : 0 =0
because V (92) = 0. A similar problem can occur when Y is highly correlated with the poststratification
variables. The estimator 6, by contrast, typically has positive variance even when Yy is one of the
poststratification variables.

Sometimes poststratification is performed using less-than-perfect poststratification totals — for example,
the totals may come from a large survey such as the American Community Survey which has its own
sampling and nonsampling errors, or they may be from a census of a slightly different population. In some
cases, poststratification variables such as race or ethnicity may be measured differently in the survey than
in the source of the external population totals. Using 0 rather than 92 may detect differences that might be
caused by a flawed poststratification.
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If desired, the tests may be performed using means rather than totals. In this case, the population

parameter is

. C M YR Y

6. = c_°¢ _ S 2.10

I Sw (210
hikeS

3 Propensity weighting

An alternative to poststratification is to use inverse propensity weighting of the respondents (see, for
example, Folsom 1991; Kim and Kim 2007).

In this framework, the true response propensity of unit (hik) is R . and a model is used to predict the

hik
propensity from characteristics known for everyone in the selected sample. Logistic regression is often used
to estimate propensities. Suppose that the p- vector x,, is known for each unitin S. The modeled response
propensity, if x,.. and R . were known for each unit in the population, is

hik hik

-1
RM = [l +exp (—x;ik[})} ,
where P is the solution to the expected population score equations
Z [Ry = Raf X = 0.
hikeU
The model removes the bias for the estimated population total of y if
6= > |R Jnic _ y (3.1
‘ hik R hik .
hikeU hik
equals 0. If R, = RM

hik 2
adjustments remove the bias for every possible response variable y. The population parameter € is

that is, the response propensity model is correctly specified, then the weighting

estimated by
0= h%swhik [rhik Yhic [l +exp (_X*/“kﬁ)} N y“‘k}’

where f is the solution to the pseudolikelihood score equations

Z Whik |:rhik - [1 +exp (_Xr:ikﬁ)} l:|xhik =0.
hikeS

Unlike the poststratification situation, the population parameter € in (3.1) is not an explicit function of
population totals. Similarly to Kim and Kim (2007), we can obtain the linearization variance and a
linearization variance estimator of by using the estimating equation for (B,6), as derived in Binder
(1983): (ﬁ,é) is the solution to
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AB.0,r)= > W u(Yois X b - B) —[0,0,...,0,6] =0, (3.2)

hikeS

where

u(yhik » Xk > Thik»

B) - [“1 (Vi Xk Tk aﬁ)} _ [rhik B [1 Texp (_X"‘”‘B)Tl} Xhik

Uy (Yot X T+ B) E Yo [1 +exp (_X;nkﬁ)} Vi

The population parameter € solves the population estimating equation
A(B,0.R)= Z u(yhik’Xhik’ Rhin)_[OaO:---aO:‘gT =0.
hikeU
Theorem 4. Let U(B,0) =" W u(Y,» X hi-B) = [fjl B) .U, (B)} . Suppose conditions (A2) —
(A5) are met and there exists a value B such that | x,,, ; |< B for all units (hik) and components j. Then
V(6) =V, (9)+0(M?/n), where

V,(6)=T'QXCV [T, (B)]CX'QT-2T'QXCCov|[U, (B).U, (B)]+V[U, (B)]. (3.3)

X is the M x p matrix with rows x;. , T is the M-vector with elements R y,., Q is the M x M

diagonal matrix with entries exp (—x;ikﬂ), and C=(X'[1+Q]”QX) .

A linearization variance estimator for & may be obtained by substituting estimators for the population
quantities in (3.3) to obtain

V. (B.6) =t;W,Q X, CV[ U, (B)|CX;Q,W,t,
~2t,W,Q,X,CCov[ U, (B).U, (B)]+V[U, (B)].

where X isthe mx p matrix with rows Xr’nk for the sampled units with m the size of the selected sample,
W, is the mxm diagonal matrix of weights w,, for sampled units, t; is the m- vector with elements
I Vi for sampled units, Q, is the mxm dietg%onal matrix with entries exp (—x;ﬂkf}) for values of x,, in
the sample, and C = (X;WS [T+ Qs]f2 QsXs) )

The jackknife variance estimator for inverse propensity weighting is defined using the formula in (2.8)

with jackknife weights in (2.9). For the propensity setting,

N(gi) — (9i) " R(i
o) = thik |:rhik Yhi [1 +exp(_xhikB(gJ)):|_ yhikj|’
hike$S
where B solves

z Wrﬂ?li) |:rhik - [1 +exp (_Xr:ikB):|li|Xhik =0.

hikeS

Theorem 5. Assume that the conditions of Theorem 4 hold. If (n/M?)V, (6?) converges to a positive
constant, then (n/M?)[V, (6)-V, (6)] and (n/M?)[V, (6)-V, (6)] both converge in probability to 0.
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The proof of Theorem 5 follows by standard arguments in Fuller (2009) and Shao and Tu (1995) and is
hence omitted.

The parameter & for examining bias with inverse propensity weighting was defined for population totals.
As with poststratification, it may be desired to compare means instead of totals, particularly if weight
trimming is used to truncate large and influential values of the propensity weight [l +exp (—x;ikfi) . In this
case, the parameter to be evaluated is

Z [Rhikyhik/Rr:\i/lk] Z Yhik

g = hike _ hikeU

) Z Rhik/Rf:\flk M

hikeU

with estimator

z Frik Whik Yhik [1 +exp (_Xlgikﬁ)] Z Whik Ynik

_ hikes _ hikes

M A .
Z Thik Whik [1 +exp (_xhikB):| Z Wi
hikes hikes

Special adjustments are needed to account for weight trimming with the linearization variance estimator; in
general, we recommend using the jackknife or another replication method for finding the variance of 60

or 6, .

4 Simulation results

We examine the performance of the variance estimators in two simulation studies. The first study

generates finite populations with response indicators 1, and then draws simple random samples from the

ik
population. The second simulation uses data from the 2009-2013 5-year American Community Survey
Public Use Microdata Samples (ACS PUMS) as a population and then draws repeated cluster samples from

this population under different nonresponse mechanisms.

For the simulation involving simple random sampling, we generated finite populations of 1,000,000
units. To study the poststratification estimator we used C = 6 poststrata to generate nonresponse. The
experimental factors were:

e sample size, n: 300 or 1,000.
e population proportion (M_ /M) in each poststratum: (P1) (1/6, 1/6, 1/6, 1/6, 1/6, 1/6), (P2) (1/21,
2/21,3/21, 4/21, 5/21, 6/21), and (P3) (6/21, 5/21, 4/21, 3/21, 2/21, 1/21).

e response rates in poststrata: (R1) (0.2, 0.3, 0.5, 0.6, 0.8, 0.9), (R2) (0.3, 0.7, 0.3, 0.7, 0.3, 0.7),
and (R3) (1, 1, 1, 1, 1, 1). Level (R3), with full response, is included to explore the accuracy of

the higher-order approximation to the variance when V, (é) =0.
e poststratum means: (M1) (0, 0, 0, 0, 0, 0), (M2) (-2, -1, 0, 1, 2, 3) and (M3) (0, 1,0, 1, 0, 1).

e number of poststrata used in nonresponse adjustment: 1, 3 (collapse adjacent pairs of poststrata),

or 6. Only the settings with 6 poststrata are guaranteed to correct for the nonresponse bias.

Within each poststratum, population values Yy, were generated from a normal distribution with the
specified poststratum mean and variance 1. The response indicators I, were generated as independent
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Bernoulli random variables with mean R;. The simple random sampling simulations were done in version
3.2.2 of R (R Core Team 2015), and 2,000 iterations were performed for each of the 162 simulation settings,
which results in a standard error less than 0.005 for the Monte Carlo estimate of the rejection proportion
when the null hypothesis of 8 =0 is true. Some of the generated samples had fewer than two respondents
in one or more poststrata, which would result in some jackknife resamples having no respondents in those
poststrata. For such samples, the two poststrata with the smallest number of respondents were combined

iteratively until all poststrata had at least two respondents.

For each simulation setting, the Monte Carlo (MC) variance of é, \7MC (9) , was calculated as the sample
variance of 6, for b=1,...,2,000. The linearization and jackknife variance estimates were calculated for
each simulated sample, and the means of those estimates over the 2,000 samples are denoted as V, (é) and
\7J (é), respectively.

Figures 4.1 and 4.2 display results for the simulation settings in which V, (é) > 0. Figure 4.1 displays
histograms of the ratios of the mean linearization and jackknife variance estimates to \7MC (é) The
scatterplot in Figure 4.2 displays the percentage of the 2,000 iterations in which the null hypothesis
H,: 0 =0 is rejected at the 5% significance level. Most of the variance estimates are close to the MC
variance and the rejection rate for H  : & =0 is approximately 5% when & = 0, with higher power for
larger values of |@|. Four of the simulation runs with @ = 0, however, have linearization and jackknife
variances that are approximately twice the MC variance, and rejection rates that are between 0 and 1%.
These results are from the simulations with poststratum means (M3), response rates (R3), population
proportions (P2) or (P3), and three collapsed poststrata. Although the population means for the collapsed
poststrata differ, they do not differ greatly and a sample size of 1,000 is too small for the first-order
asymptotic approximation to be accurate. For these settings, a sample size of approximately 15,000 was
needed to reduce the variance ratios \7L (é) / \7Mc (é) and \7J (é) / \7Mc (é) to 1.2

(a) Linearization Variance (b) Jackknife Variance
2 2.0+, —~ 2.04*
¢ 2
-3 g
s 1.8 7 £ 1.8
E0 ik
2 16° g 164°
g 1.4 % 1.4
g L s
£ g “
o 1.2 8 1.2
g 1-0*5% s ° %5 £ 100 & 5% ¢ x5
\>« X Z/
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16] 10|

Figure 4.1 Ratios of (a) \7L () and (b) \7J () to \7MC (é), for the simple random sample poststratification
simulation settings in which V, (8) > 0. The blue circles represent simulations with n =1,000 and
the red Xs represent simulations with n = 300.
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(a) Linearization Variance (b) Jackknife Variance
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Figure 4.2 Empirical power for tests using linearization and jackknife variance, for the simple random sample
poststratification simulation settings in which V, (6) > 0. The blue circles represent simulations
with N =1,000 and the red Xs represent simulations with n = 300.

Figure 4.3 shows the behavior of \7L (é) , VJ (é) , and \72 (é) when the first-order term of the variance
is V, (é) =0 but V, (é) > (. For all of those simulations, the true value of & was 0 and the second-order
term \72 (é) was calculated using the SRS approximation in Theorem 3. Even though the true first-order
variance V, (é) is zero for these settings, the estimated first-order variances from linearization and jackknife
are nonzero. For the simulations with poststratum means (M1) and response rates (R3), for example, all
poststrata have the same population mean. The sample means for the poststrata differ, however, and this
causes the linearization and jackknife variance estimators to be positive and, on average, about twice as
large as the MC variance. The same thing happens with poststratum means (M3), population proportions
(P1), and response rates (R3) when three poststrata are used: the three collapsed poststrata each have
population mean 1/2 but the sample means vary.
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Figure 4.3 Ratios of \7L ) (squares), \7J ) (plus signs), and \72 (6) (triangles) to \7Mc (9), plotted against
ln\7MC (é), for the simple random sample poststratification simulation settings in which
Vv, (8) = 0. For all of these settings, @ = 0. The blue symbols (with log MC variance < 16) represent
simulations with n = 1,000 and the red symbols (with log MC variance > 16) represent simulations
with n=300.
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Only simulation settings with response rates (R3) required the use of higher-order terms or large sample
sizes for the linearization and jackknife variance estimators to be accurate. It would be easy to identify these

situations in practice from the absence of nonresponse.

To study the properties of the estimators in Section 3, we used a subset of the populations generated for
the poststratification simulation as well as populations generated with continuous covariate X, giving
factors:

e Sample size, n: 300 or 1,000.
e Population values and nonresponse generation.

1. Nonresponse is generated in 6 poststrata with population proportions (P1) or (P2), and
response rates (R1) or (R2). The variable of interest y is generated with poststratum means
(M1) and (M2) plusa N (0,1) error term.

2. Covariate x is generated from a N (0,1) distribution. Then y is generated as (Y1)
0+ N(0,1) (independent of x), (Y2) x+ N (0,1), or (Y3) x>+ N(0,1). The response
propensities are generated as (R1P) R = 0.8 for all units, (R2P) logit(R) = 1/(1+ exp(-X)),
and (R3P) logit(R) = 1/(1+ exp(—x2/3)).

e Response propensity model used.

For poststratified populations, treat X as a continuous variable with values 1-6.
2. For populations with generated covariate X, use linear logistic regression with covariate X.
This model is correctly specified for response-generating mechanisms (R1P) and (R2P) but

incorrectly specified for mechanism (R3P).

To reduce the instability of the estimators, estimated response propensities less than 0.05 were replaced
by 0.05, corresponding to trimming weight adjustments larger than 20. Figures 4.4 and 4.5 display the
variance ratios and empirical power for the propensity model simulations. All settings in this simulation had
Vv, (é) > 0. As in the poststratification simulation, the linearization and jackknife variance estimators both
perform well in general. There are a few settings, however, in which the linearization variance is
substantially larger than the jackknife. This occurs because of the weight trimming: the jackknife
automatically accounts for the effect of weight trimming on the variance because the jackknife replicates
also trim the weights. The linearization variance used in this simulation was from Theorem 5, and the
formula would need to be modified to include the effects of trimming. We also ran simulations using the
jackknife in which the mean was estimated instead of the population total, and the jackknife performed well
for that parameter as well.

The second simulation study used a population of 6,019,599 household-level records from the ACS
PUMS studied in Lohr, Hsu and Montaquila (2015). There are 3,344 PSUs in the population defined by the
public use microdata areas. Eight poststrata were formed based on the cross-classification of households by
tenure (rent or own), presence of children in the household (yes or no), and number of income earners (0-1
or 2+). The primary outcome variable y was household income. Additionally, a less skewed outcome
variable log(y) was studied, where log(y) was setto 0 if y <1.
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A 2x2x3 factorial design was used for this study with factors

e overall response rate: 50% or 80%.

e number of PSUs for each sample: 25 or 100.

209

e nonresponse generating mechanism: (N1) missing completely at random (MCAR), with response

propensity for all records equal to the response rate for all households; (N2) missing at random

(MAR), where a linear logistic model with main effect terms for tenure, presence of children, and

number of income earners generates the response propensities; and (N3) missing not at random

(MNAR), where a linear logistic model with main effect terms for tenure, presence of children,

and household income generates the response propensities.
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Figure 4.4 Ratios of (a) \7L (6) and (b) \7J () to \7MC (6) , for the propensity model simulation. The blue circles

represent simulations with n =1,000 and the red Xs represent simulations with n = 300.
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Figure 4.5 Empirical power for tests in the propensity model simulation using linearization and jackknife

variance. The blue circles represent simulations with n=1,000 and the red Xs represent

simulations with n = 300.
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For the first two nonresponse generating mechanisms, & = 0. For the first mechanism, there is no

nonresponse bias. Poststratification corrects for the bias in the second mechanism because R, = p, for

hik
units in poststratum C. Poststratification does not correct for the bias in the third mechanism because the

nonresponse depends on the y variable, household income.

For each simulation setting, response indicators were generated independently for the population units
using the calculated response propensities. One thousand samples were drawn for each setting, in which
PSUs were selected with probability proportional to size and a simple random sample of 100 households
was selected from each sampled PSU. The standard error for the rejection proportion when 8 =0 is less
than 0.007.

Calculations for the ACS simulation were done in SAS® software (SAS Institute, Inc. 2011). We first
calculated the weights and jackknife weights for the selected sample, and then calculated the poststratified
and jackknife poststratified weights for the respondents. The two sets of jackknife weights used the same
replication structure, so that replicate weight K for the respondents deleted the same PSU as replicate weight
k for the selected sample. To simplify computation of éM in (2.10), we concatenated the selected sample
and respondents, with their respective weights, into one data set and set U, =1 for records in the respondent
data set and u; = 0 for records in the selected sample data set. The linear model y, = g, + B,u, was fit to
the concatenated data using the SURVEYREG procedure, and éM = ,31 from the regression model.

Table 4.1 gives the results from the simulation. For all but one of the simulation settings, the mean of
the jackknife variance estimates is larger than the Monte Carlo variance of éM , but the bias of the jackknife
variance is reduced when more PSUs are sampled or the response rate is higher. The outcome variable VY,
household income, is highly skewed, and the rejection rate when 6,, = 0 is closer to the nominal « of 0.05
when the log-transformed variable is used.

Table 4.1
Simulation results from ACS population
Nonresponse Response = Number Outcome variable y Outcome variable log(y)
Mechanism  Rate (%) of PSUs n A A A
o V,(8) o V,(4)
8, % Reject ———5+ 6, % Reject —— "+
VMC (0M ) VMC (0M )
MCAR 50 25 0 33 1.21 0 4.5 1.20
MCAR 50 100 0 3.0 1.09 0 4.4 1.08
MCAR 80 25 0 3.8 1.14 0 4.0 1.19
MCAR 80 100 0 3.9 1.07 0 52 1.05
MAR 50 25 0 4.5 1.16 0 4.2 1.11
MAR 50 100 0 4.9 1.04 0 4.4 1.05
MAR 80 25 0 35 1.16 0 4.7 1.20
MAR 80 100 0 35 1.12 0 4.6 1.11
NMAR 50 25 8,882 70.8 1.41 0.118 6.3 1.60
NMAR 50 100 8,882 99.5 1.11 0.118 37.7 1.11
NMAR 80 25 3,706 45.6 1.18 0.047 14.5 1.20
NMAR 80 100 3,706 99.4 1.09 0.047 61.0 0.99
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5 Discussion

In this paper, we considered tests for nonresponse bias after poststratification or inverse propensity
weighting has been used. The arguments in the theorems could be extended to similar methods that are used
to adjust for nonresponse bias such as raking, which iteratively poststratifies to marginal population totals,
or calibration, which adjusts the weights so that estimated population totals agree with control totals for a
set of auxiliary variables. Haziza and Lesage (2016) argued that using a two-step procedure of propensity
weighting followed by calibration provides more protection against nonresponse bias than using calibration
alone in a single step, because single-step calibration implies a model relating the response propensities and
the calibration variables and that model may be misspecified. The tests proposed in this paper could be
extended to situations in which both propensity weighting and poststratification are used, or could be used

separately to assess the bias removed in each step of a two-step process.

We employed the jackknife for the replication variance estimation. However, all of the estimators are
smooth functions of population totals, so other replication variance estimators such as balanced repeated

replication or bootstrap could be used as well.

A challenge for evaluating nonresponse bias is the limited amount of information available for the
selected sample. For some surveys all available auxiliary information is used or considered for forming
poststrata, raking classes, or inverse propensity weights. The poststratified estimator for characteristics used
in the poststratification has no variance or bias, so testing these or closely related characteristics will not
uncover nonresponse bias in other survey variables. Auxiliary variables that are not used for nonresponse
adjustments are often omitted only because they were not selected in model selection method used to form
the poststrata or select variables for the logistic regression, and that typically occurs because they have low
explanatory power for predicting the response indicator after the other variables are included in the model.
For surveys with less frame information, it may be possible to obtain auxiliary information from other
sources, such as administrative records associated with the respondents’ addresses or paradata. It is
important to make sure that the variables used to test nonresponse bias are recorded consistently for
respondents and nonrespondents. If, for example, V is the interviewer’s curbside assessment about whether
children are present in the household, that initial assessment should be used for both respondents and
nonrespondents: the assessment used in the nonresponse bias analysis should not be updated after the

interviewer ascertains the actual number of children in a responding household.

After testing available variables for nonresponse bias, we still do not know whether the adjustments have
removed the bias for outcome variables that are available only for the respondents. Abraham, Helms and
Presser (2009) and Kohut, Keeter, Doherty, Dimock and Christian (2012) found that estimates of
volunteering and civic participation are higher from surveys with low response rates than from the Current
Population Survey, indicating that weighting adjustments do not remove bias for civic engagement variables
although they appear to remove bias for demographic variables and home ownership. But testing a wide
range of auxiliary variables for residual bias may give more confidence in the results of a survey on the
untested variables, or may indicate concerns about inferences from the survey for variables of interest. We

recommend that survey designers plan the survey with nonresponse bias assessment in mind, and collect
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additional information for the selected sample whenever possible. In general, the more information that can

be collected about the selected sample, the better.

The comparison of estimates using different sets of weights may be of special interest when studying
responsive or adaptive design strategies such as those described in Groves and Heeringa (2006) and
summarized in Tourangeau, Brick, Lohr and Li (2016). In these, later phases of the design are modified
using information gleaned in the early returns. One responsive design strategy may be to estimate response
rates after the first phase of the survey, and then to allocate resources in the second phase to equalize rates
across subgroups of interest. In an experimental comparison of different responsive design strategies, it may
be of interest to evaluate the estimated nonresponse bias from the strategies. Riddles, Marker, Rizzo, Wiley
and Zukerberg (2015) compared nonresponse-weighted estimates from different data cutoff points in the

U.S. Schools and Staffing Survey, to see if estimates changed with earlier truncation of data collection.

The results in Theorems 1 through 5 are expressed for probability samples. There is increased interest in
using nonprobability samples to study populations (Baker, Brick, Bates, Battaglia, Couper, Dever, Gile and
Tourangeau 2013). Proponents of nonprobability samples argue that with response rates sometimes below
10%, an inexpensive large nonprobability sample can have smaller mean squared error than a small
probability sample. The same methods of poststratification and inverse propensity weighting are typically
used with nonprobability samples. The tests proposed in this paper can be adapted for use with
nonprobability samples, provided that auxiliary information is known for a collection of individuals that can
serve as a stand-in for a sampling frame. For a web survey, it might be possible to compare characteristics
of persons visiting the web page with those of persons completing the survey. Further research is needed in
this area.
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Appendix

The following lemma shows that the additional variability due to the stochastic response mechanism is
O(M?/n).
Lemma 1. Suppose assumptions (A3) and (A5) are met, and that |qhik | <Q forall (hik) eU. Then

E |:V ( z ZhikWhikqhikrhik

hikeU

ZH:O(Mz/n).
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Proof. By assumption (A5),

‘ E |:V ( z Zhikv\lhikqhik r.hik

N, My; My,
Zj:| ‘ ‘ |:h lzllgzlzhlkzmpwhlkwmpcov( hik » h|p)qh|kqh|p:|
i P

hikeU
H Ny My My,
< Q2E|:z Zh|kZh|pWh|kWh|pi|
h=1 i=1 k=1 p=1
H Ny My My,
:QZZ P[(hI)ES]P[kGShl’pES ]Whlk hip
h=1i=1 k=1 p=1
=0(M2/n).
The last line is implied by (A3).
Proof of Theorem 1. From (2.4),
A <1, n R
vV, (6)=V {Zp—(YCR ~YR(ME - MCR))—YSS}
c=l1 c
and
R c T CT £ (VyR_—YRYMR .
A (9)=v{zp—°}r2 COV|:Z—C,Z(yC p° JM; —YSS}
c=1 M c=1 M¢ c=1 ¢

0(0) =] 3 2y S {20 V)

| hikeU P,

=V|E szkwmkz Chlk{ - yh|k CR)_yhik}

|_hikeU C

dl

+ E |: Z ZhlkWhlk Z chik { - (yhlk c ) yhlk}

hikeU

d

hikeU hikeU

2]

Lemma 1 and Assumption (A4), which guarantees that 1/ P, is bounded, imply that the second term is
O(M?/n).
To show that V, (é) = 0(M2/n), note that by (A4) and the Cauchy-Schwarz inequality,

}%iiw (7 ) (ME —MEYV (5 ) (M7~ M3)].
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Assumption (A2) implies (Fuller 2009, Theorem 1.3.2) that

VR_Y_R
NI AT — N(0,%,)
MR/MR -1

as N — oo, where X is a non-negative definite matrix. Consequently,

0

applying the Cauchy-Schwarz inequality to the covariance term implies that V, ( ) =o0(M2/n).

Jv[ YR (ME=ME)] - E 1,11, [2,2]+2(Z, [1,2])";

Proof of Theorem 2. We show that

- n - _
V(9)= Z::l n h_lZieSh (bhi N bh)2
h

1S consistent, where

thlk {z p hlkdchlk (yhlk Y_CR) - yhik} thlk rhik

keS,; keSy;

and b, = Zies b, / n, . Arguments in Yung and Rao (2000) then imply that (n/ MZ)[V (9)—\7(0)]
converges to zero in probability.

Note that
E |:bh| | Z:| kzs Whlk Rhik *
2
E[b |Z:| = E[(kzs Wi {z P h|k hlk] chik (yhik _Y_cR) ~ Yhik }J Z}
[thlk RhlkJ +V[th|k rhik J

keSy; keSy;

and
E[b2|Z] = —E{sz + 3 b, }
ieSy, ieS, j=i
2
- n_ V(Zwmk rhik J [n Z thlk Rhlkj .

h ieS, keSy; h ieS,keSy;

This implies that

e[ 53] € 2 Tt | (ST

ieSy ieS; \ keSy; ieS; keSy;
ZJ} ,

@__J {ZN{E]%mmm Yhik

h ieS, keSy;
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so that \7,_ (é) is an approximately unbiased estimator of V, (é) The consistency follows by (A2), which
implies asymptotic normality, and the law of large numbers.

Proof of Theorem 3. For ¢ = d,

A

Cov[(VF -VF)(ME - MZ).(V§ V) (MF - M§)]=0(M2/n2)

because E[(YR —YR)(YX —YR)]=o0(n") for simple random sampling (equation (4.26) of Lohr 2010).
Consequently,

(5558

=1 P

The second term of V. (é) 1s:

2
¢ T, S(FE-YHME
2 COV{ZL,ZM_YSS}
c=1 pc c=1 pc
Cc C
:222 D Cov TC, A YR) — de YR — deNR]
c=ld=1 M¢ My
c A A - A .
— R R R R R R ] R R
_2;p—3CoV[_(yc ~YF)(ME=MEF),(1-p,) VEME —YEME - p_ Y, ]+0( - j
p

Combining the terms,

v, (é) = ZZpgz_lv[yf ~YRIV[MEF - M§]+o(l\:jj,

c c

We can estimate p_ by the empirical response rate in poststratum ¢, V [VCR —VCR] by s2/n®, and, under
simple random sampling, V [I\?ICR - MCR] =M_p, (M -M,_ pc)/n. The term V, (é) can be negative when
p, <1/2 for some poststrata; however, when p, <1/2 and V [yR]> 0, then the first-order term of the
variance, V, (é) , 1s positive and the second-order term has lower order.

Proof of Theorem 4. Condition (A4) guarantees that, asymptotically, complete separation will not occur
and RM is bounded away from 0.

The derivative of A with respect to the parameters is

Peho :a(fsAe)’
_héswhik [Hexp(—x;ikﬁ)] exp( h|kB) XpiXp 0 |
B thikrhik Ypik €XP (_Xt,]ikﬁ)xr:ik -1
hikes
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Using successive conditioning and the independence of r and Z, the expected value of ﬁ(r,ﬁ, ) is

D(R,B.6) = __héu [l +exp (_Xr:ikB):|_2 exp (—x;ikﬁ)xhikx"“k 0
= 2 Ruic Vi €XP (—XéikB)x;ik .
- hikeU

[-X'[1+Q]? QX 0}
~T'QX =i

Also, Cov|vecD(r,B,0)|=0(M?/n) because

v ‘: Z Whik rhik yhik €Xp (_Xhikﬁ) Xhik:| =V ‘: Z Whithik yhik €xp (_XhikB) Xhik:|
hikeS hikeS

z)).

The first term is O (M?2/n) by standard arguments and the second term is O (M ?/n) by Lemma 1, noting
that the boundedness of R, and x,, also bound exp (—x;ﬂkB). Consequently,

+E {V [ Z Whik Thik Ynik €XP (_Xr:ikB)Xr:ik
hikeS

\ {g_ g} = D(R,Bae)ilv [ zwhiku(yhik’xhik’ rhik’B)}D(R’B’e)T + O(M 2/”)-

hikeS

The result in (3.3) follows because

[D(R,B.O)]" = {T'(_;):(C —0 J'
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Reducing the response imbalance: Is the accuracy of the
survey estimates improved?

Carl-Erik Sidrndal, Kaur Lumiste and Imbi Traat!

Abstract

We present theoretical evidence that efforts during data collection to balance the survey response with respect to
selected auxiliary variables will improve the chances for low nonresponse bias in the estimates that are ultimately
produced by calibrated weighting. One of our results shows that the variance of the bias — measured here as the
deviation of the calibration estimator from the (unrealized) full-sample unbiased estimator — decreases linearly
as a function of the response imbalance that we assume measured and controlled continuously over the data
collection period. An attractive prospect is thus a lower risk of bias if one can manage the data collection to get
low imbalance. The theoretical results are validated in a simulation study with real data from an Estonian
household survey.

Key Words:  Survey nonresponse; Bias; Adaptive data collection; Calibration estimator; Auxiliary variables.

1 Introduction

The problem of accurate estimation despite considerable nonresponse needs to be examined from two
time dependent angles: First, ways to handle the data collection, then ways to handle the estimation with the
data that were finally collected. The first activity may require substantial resources. In a telephone survey,
the daily scheduling of contact attempts, the interaction with the interviewers, and consideration for their
workloads, can be expensive efforts. The estimation stage is administratively simpler; there is a search for
the best auxiliary variables for a calibrated nonresponse adjustment weighting, whereupon the computation

of estimates is usually carried out with existing software.

The data collection is in focus in the literature on Responsive Design; Groves (2006), Groves and
Heeringa (2006) are early references. Adaptive survey designs are discussed in Wagner (2008). One idea in
this research tradition is that a data collection that extends over a period of time might be inspected at
suitable decision points, where action may be taken to realize in the end a well-balanced set of respondents.
Schouten, Calinescu and Luiten (2013) explain how adaptive survey designs may be tailored to optimize
response rates and reduce nonresponse selectivity, with cost aspects taken into account. Much exploratory
work has been carried out on responsive (or adaptive) design. Seeking well balanced or representative
response can be pursued as a goal in itself. Different avenues have been explored: Case prioritization,
(Peytchev, Riley, Rosen, Murphy and Lindblad 2010); stopping rules to halt data collection attempts for
specific sample units, (Rao, Glickman and Glynn 2008; Wagner and Raghunathan 2010); uses of paradata
more generally to manage the survey response, (Couper and Wagner 2011).

Measuring and controlling the imbalance belongs in the data collection phase. The imbalance statistic
(see Section 3) has a central role in this article; it was used for example in Sérndal (2011), Lundquist and
Sdarndal (2013), Sdrndal and Lundquist (2014a, 2014b). It is related to the R-indicator (R for

1. Carl-Erik Sarndal, Ph.D., professor emeritus, Statistics Sweden. E-mail: carl.sarndal@telia.com; Kaur Lumiste, M.Sc., Institute of Mathematical
Statistics, University of Tartu, Estonia; Imbi Traat, Ph.D., associate professor, Institute of Mathematical Statistics, University of Tartu, Estonia.
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representativity); see Schouten, Cobben and Bethlehem (2009) and Bethlehem, Cobben and Schouten
(2011).

The second time slice relies on estimation theory to resolve the challenge of nonresponse, primarily how
to achieve low bias in the estimates. Viewed strictly as an estimation problem, it is an activity in itself, after
a completed data collection. The set of responding units is fixed; the data on those units is a “frozen” supply.
The choice of auxiliary variables plays a crucial role. The “best ones” should be selected. This aspect has
been dealt with extensively, as in Sdrndal and Lundstrom (2005). Two factors are traditionally cited as
important for the accuracy of the estimates: The degree to which the chosen auxiliary variables can explain
the study variable and the degree to which these variables can explain the 0/1 response indicator showing
presence or not in the set of respondents. Each of the two degrees of explanation is partial at best, not perfect.
The two roles of the auxiliary variables interact, as recognized for example in Little and Vartivarian (2005).

An extensive review of weighting adjustment procedures for nonresponse is given in Brick (2013).

The supply of auxiliary variables depends on the survey environment. In Scandinavia, surveys on
individuals and households can draw on extensive sources — administrative registers — of auxiliary variables.

This is increasingly so in other countries also.

One view holds that the estimation is the all-important step: Whatever may be accomplished at the data
collection stage — balancing, improved representativeness — is perhaps superfluous; achieving best possible
accuracy in the estimates can be dealt with effectively at the estimation stage, by clever use of the auxiliary
variables in a nonresponse adjustment weighting or in other ways. This point of view is supported for
example in Beaumont, Bocci and Haziza (2014).

Nevertheless, it is clear that measurable aspects of the data collection will influence the accuracy of the
estimates that are ultimately produced. One such measure is the imbalance statistic defined in Section 3. In
this article, the two time dependent activities are taken into account: Balancing the response should be
combined with efficient estimation methods, to get in the end the best possible (most accurate) estimates.

Such a view underlies, for example, Schouten, Cobben, Lundquist and Wagner (2014).

The motivation for this paper is as follows: Methods exist for different courses of action — stopping rules,
case prioritization, and others — during data collection, so as to get in the end a favourable response set T.
Sdarndal and Lundquist (2014a, 2014b) used the imbalance statistic IMB given in Section 3 as a tool to
achieve low imbalance in the final response set. Considering that auxiliary variables will also be used in the
estimation, to what extent, if any, will better accuracy in the estimates follow from low imbalance in the
preceding data collection? There are encouraging signs, as in Sdrndal and Lundquist (2014a), that lower
imbalance creates some accuracy improvement, although modest. That work was empirical; in this article

we give mathematical/analytical support for a similar conclusion.

The contents are arranged as follows: The survey background (Section 2) and the imbalance statistic
(Section 3) are presented. The regression relationship — that of the study variable on the auxiliary vector —
is important (Section 4), notably for the estimator (called CAL) obtained by calibrated nonresponse weight
adjustment (Section 5). The deviation of the calibration (CAL) estimator from the (unbiased) estimator
requiring full response is analyzed (Sections 6, Section 7, Section 8), showing how deviation depends on
imbalance. Two results are presented on statistical properties (mean and variance) of the CAL deviation. In
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particular, the variance of that deviation is shown to be, approximately, a linear function of the imbalance
statistic. Hence the deviation is likely to be smaller, and estimates more accurate, if the imbalance can be
reduced during data collection. The theoretical results are empirically validated (Section 9) using data from
an Estonian household survey. The statistical software R is used; R Core Team (2014). A discussion

(Section 10) concludes the article. Three appendices provide the necessary proofs and derivations.

2 Background and notation

A probability sample s is drawn from the finite population U = {1,2,...,K,...,N}. Unit k has the
known inclusion probability 7z, = Pr(k € s) and the known design weight d, =1/7, . Nonresponse occurs.
The response set, denoted r, is that subset of S for which the study variable is observed. We do not know
how r was generated from S; the response probabilities are unknown (if assumed to “exist”, they are not

needed in this article). The (design weighted) response rate is

P:Zrdk/stk' (21)

If A is asetofunits, AcU, asum ZKEA will be written as ZA. The survey may have many study
variables. A typical one, denoted y (continuous or categorical), has value Yy, recorded for k e r but
missing for k € s—r. Our objective is to estimate the population Yy-total, Y = ZU Y- The response
indicator | hasvalue I, =1 for k er, I, =0 for k € s—r. A goal for practice is to get a response I that
is well balanced, in the sense specified later. We are led to consider the different r that may arise from a

given S.

The auxiliary vector x of dimension J >1 has value x, known at least for all units k € s. Auxiliary
information can be used in the data collection (for monitoring the data inflow to achieve improved balance)
and/or in the estimation (for calibrated weight computation). The auxiliary vector need not be the same for
the two purposes, but this article assumes that they agree, and that the x-information used is for k € s. This

includes the important case of paradata, that is, data about the data collection process.

An important type of auxiliary vector is a group vector. It identifies membership of every unit k in one
of J mutually exclusive and exhaustive sample groups, so that x, = (O,...,l,...O)' , where the only “1”

indicates the unique group (out of J possible) to which k belongs.

A group vector occurs when several categorical auxiliary variables are completely crossed. To illustrate,
if x = (sex x education x age) represents a crossing of 2 sexes, 3 exhaustive education categories and 4
exhaustive age categories, then x is a group vector with dimension J =2 x3 x4 =24 and equally many
possible values x,. When several categorical variables are used although not in completely crossed
manner — important for practice in statistical agencies — then the dimension J of x, can be kept relatively
modest (say less than 15) while still coding a much larger number (say more than one hundred) of possible

properties x, of the units k. For a study of the Swedish Living Conditions Survey, Sérndal and Lundquist
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(2014a) used an x-vector of dimension 14 with 256 possible values. The group vector case and the non-

group vector case give important differences in the results that follow.

All auxiliary vectors used here satisfy a requirement that grants mathematical convenience without

severely restricting the choice of vector: There exists a constant vector p such that
w'x, =1 for all k. (2.2)

For example, when J =2 and x, =(1, Xk)', then p = (1,0)' satisfies the requirement. In the group
vector case where x, = (0,...,1,...,0)’ , then p= (1,...,1,...,1)’ satisfies the requirement. If x is not a
group vector, say, one used to code “education” with three mutually exclusive and exhaustive categories
and “gender” as a univariate variable equal to 1 or 0, then J = 3 +1 =4 (education and gender not crossed),
and p = (1,1, 1,0)’ satisfies the requirement.

3 Imbalance

The concept of balance has been often used in statistical literature with reference to an equality of means
of specified variables for two sets of units, one a subset of the other. One method to realize a probability
sample s from U that is balanced with respect to a vector x is the Cube Method, see Deville and Tillé
(2004). In the context with nonresponse, we want to know how well balanced a response r is, compared
with the probability sample s that would have given unbiased estimates. A given auxiliary vector x has
computable means X, = Zrdkxk /Zrdk for the response and X = stkxk /stk for the sample. If
they are equal, an unlikely outcome, the response is perfectly balanced with respect to x. The contrast

between response I and sample S can be measured by the scalar quantities

Qs = (ir _is), E;I (ir _is); Qr = (ir _is), E;l (ir _is)' (31)

They differ only in the JxJ weighting matrix, X = stkaXL / stk as opposed to X =
Z:rdkxkx'k / Zrdk, both assumed non-singular. In particular, Q. is important for the statistic called
imbalance of r with respect to the specified x-vector:

IMB(r,x|s) = P?(X, -X,) X' (X, -X,) = P*Q,, (3.2)

where P is the response rate (2.1); see for example Sérndal and Lundquist (2014a). The full notation
IMB (r,x|s) emphasizes that imbalance depends on the realized response r and on the choice of x- vector.
Unless required for emphasis, we use the simpler notation IMB. We have 0 < IMB < P(1—-P) forany r
and vector formulation x, given S. IMB is a descriptive measure of the response r. It is related to a special
case of the R-indicator, whose motivation lies instead in the estimation of (the unknown) response

probabilities for the population units, see for example Bethlehem et al. (2011).
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The IMB statistic (3.2) can be continuously computed and monitored in a data collection extending over
a period of time, say several days or weeks, during which contact attempts continue with a sample unit until
desired data are obtained, or, if this fails, until the unit is declared a non-respondent. As the response rate
P grows, IMB serves as a tool for monitoring and managing the data collection to achieve in the end a
response set I' which, if not perfectly balanced to satisfy X, =X, will at least have considerably lower
IMB than if balancing had not been attempted in data collection. There are methods for balancing based
on response propensity, such as the Threshold method and the Equal proportions method in Sérndal and
Lundquist (2014a, 2014b).

We consider later the particular case where S is a self-weighting sample (as when S is a simple random
sample), the response I has fixed size m, and x is a group vector of dimension J as defined in Section 2.
Then both s and r are split into J non-overlapping groups. For the sample group s, denote by n; the
size and by W;_ =, / n the relative size; Z}Ll n, = n. For the response group r;, let m; <n, be the size;
ZL m, = m. The imbalance (3.2) is then

IMB = 22:1st (pj h p)z’ (3-3)

where the response rates are p; = m, / n; ingroup j and p =m/n overall. (The response rate P is defined
in (2.1) with general design weights d, ; for a self-weighting sample, where d, is constant, we use small

p for the response rate.) If IMB = 0, we have perfect balance; all group response rates p, are then equal.

4 The regression aspect

The imbalance (IMB) is determined by the auxiliary vector x with no attention paid to the study variable
y. But the relation of x to y is also important for the bias of estimated Y- totals. Strong regression of y
on x is likely to give small bias, intuitively because regression predicted y-values can then give close
substitutes for those missing. For some survey data, the strength of the regression may be modest but
nevertheless important in its effect on bias. The ordinary linear regression coefficient vectors for the whole

sample S and for the response I are, respectively,

b, = (zsdkxka)—l > dxy; b, = (ZrdkkaL)_IZrdekyk- “.1)

Under nonresponse, b, is computable but not b,. The J xJ matrices to invert are assumed non-
singular. Normally b_# b_, perhaps with considerable (but unknown) difference. The regression based on

the response is inconsistent.

The imbalance in the y- variable is ¥, — Y., where the means are Y, = ZS d.y, / zs d, for the sample
(unknown) and Y, = zr d.y, / Zr d, for the response (computable). The decomposition
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Vr - Vs = (ir _is )’ I:)r + (br _bs ), is’ (42)

highlights two undesirable differences, X, — X, (due to imbalance in the x-vector), and b, —b_ (due to
inconsistent regression); to obtain (4.2) note that X'b_ =y, and X/b_ = V., which are consequences of the

x- vector condition (2.2).

5 Estimating the population total under nonresponse

The equation (4.2), when multiplied by N = stk, can be expressed in terms of three common

estimators of the population total Y = ZU Y, - Two are possible under nonresponse,

PO IS T 2 49,

e _ Nk
DI R

with g, =X,/E-'x,. Of these, Y., is just a simple expansion of the response mean of y and often

EXP

(5.1)

considerably biased. The calibration estimator YC L gives Y, the weight d, g, / P. The calibration property
is Z:r(dkgk /P)x, = stkxk , where the right hand side is unbiased for the population x- total ZU X,

A

which explains why Y., can be considerably less biased than VEX when x and y are well related. If y-

CAL P

values had been recorded for the full sample s, unbiased estimation would be carried out with the Horvitz-

Thompson estimator

YAFUL = stk Yi:

The three estimator types will be referred to as EXP, CAL and FUL. Now (4.2) multiplied by
N = stk reads

YAEXP - YAFUL = (YAEXP - YACAL) + (YACAL - YAFUL)' (5'2)

In words, Deviation of EXP = Bias adjustment term + Deviation of CAL. The computable adjustment
is YEXP —YACAL =N (X, —is)l b,. The two deviations from the unbiased estimate, VCAL —YAFUL =
N (b

because they require Y- values for the full sample.

~b,) X, for CAL and Y., —Y., = N (¥, —.) for EXP, are not computable under nonresponse,

r

As mentioned, we have methods to reduce the imbalance IMB during data collection. Low imbalance
is intuitively attractive, but does it yield better accuracy in estimates? Or is it enough to involve the auxiliary
variables at the estimation stage, through a calibrated weight adjustment as in the CAL estimator? The
adjustment term YEXP —YACAL =N (X, —is)'br can clearly be reduced by constructing r to have low
imbalance; it is zero for the perfect balance X, = X_. In practice, the CAL estimator is preferred to the EXP
estimator, the former being usually more accurate because of the auxiliary information. But is the deviation
=N (b, —b,) X, smaller if the response r had been built to have low IMB? Asked

A

YCAL _YFUL
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differently, is it worth the (perhaps costly) effort to manage the data collection to get X, closer to X, and

therefore reduced IMB? The question is essentially whether this would also make b, and b, move closer.

6 Statistical properties of the CAL estimator deviation

In the decomposition (5.2), the deviation of CAL from the unbiased FUL is YAC AL YAFUL =N A, where
A, =(b, —b, )’ X,. Toseeif A, is smaller, or likely to be so, by realizing low imbalance in data collection,
we seek analytic results about statistical properties, such as mean and variance, of A, as a function of the
IMB statistic (3.2). Highly general results of this kind are hard to obtain. Several factors complicate the
analysis, such as the sampling design used to draw S, the probability distribution of the response sets r
given s, the make-up of the auxiliary vector x, and so on. Results for special situations are obtained in

Sections 7 and 8.

Result 1 in Section 7 gives properties — expected value and variance — of A = (b, —bs)'iS over
response outcomes ' with fixed size m and fixed mean X, when x is a group vector, and S is a simple
random sample. The mean of A, over such outcomes is zero. The imbalance appears in the variance of A,
which is linearly increasing in IMB, approximately. A reason for taking x to be a group vector is that
conditioning on X_ grants relatively simple derivations. A fixed X, implies a fixed value IMB. (But the
opposite is not true; several X, can give the same IMB.) Another simplification when x is a group vector

is due to diagonal matrices X and X_. The empirical test in Section 9.1 addresses Result 1.

Simple derivations for the group vector are at the expense of generality. The x-vectors used in
production at Statistics Sweden, for example, are often not group vectors. To get transparent mathematical

results about A, is then more difficult.

Result 2 in Section 8 is derived under a model of linear regression between y and x. The y, are then
considered random, with properties stated by the model. A group vector feature for x is no longer necessary.
The conclusions are in some respects similar to those in Result 1. The empirical Test situation 2 in
Section 9.2 refers to both Results 1 and 2.

7 The first result

Result 1 refers to the following survey context: A self-weighting sample s of size n is drawn from
U ={L...,k,...,N}; d, is the same for all k. The auxiliary vector x is a group vector of dimension J, so
the sample s and the response set I, assumed to be of fixed size m < n, are split into J non-overlapping
groups. The notation for these is given at the end of Section 3. The values Yy, are treated as fixed, non-
random, as is usual in the design-based tradition. If y, were observed for all k € s, then YAFUL = Ny, with

Y, = zs Yy / n would be design unbiased for the population y-total Y = ZU Y- But y, is available for
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k € r only; the CAL estimator (5.1) becomes YA =N Zj | , Where V is the mean of respondent
CAL FUL /N A Wlth
-b,) X, = ijl jsyrj —Y, are given in Result 1 for the following probabilistic setting: All (m)

values y, in group j. Statistical properties — expected value and variance — of (Y
A, =(b
response sets I of fixed size m are assumed a priori equally probable. Given s, the imbalance IMB is
determined by X, =(1/m) (m],...,mj,...,mJ),. Given X,, we are left with R = szl(:ﬂ) sets r, all with
the same non-zero probability 1/R and the same IMB, given by (3.3). The other sets r of size m are no

r

longer in scope. Conditioning on X, allows us to study the properties of CAL as a function of IMB. Result 1

involves the variance of the study variable y, within-group and combined over groups:
2
=X, (4 -%,) [0 -0 5 =2 WS, .

Result 1. Let s be a self-weighting sample of size n and let x, be a group vector of dimension J. Assume

that all (r’;) response sets I of fixed size m are a priori equally probable. Then

A=E(A,|X,,ms)=0 (7.2)

— 1
S2=E((A, -A) |X,,ms)=|———|S2+ W ——1 7.3
where W, =n, / n and p,=m, / n, are relative size and response rate, respectively, for group IR
p =m/n is the overall response rate, and S§ and S§j are given in (7.1). If response rates p; and variances
S}, vary by little only over the groups, then

IMB) S2
st=(1-p+— (7.4)

where IMB is given by (3.3).

For full response, when r = s, the right hand sides of (7.3) and (7.4) are zero; the approximation in (7.4)
is exact: S2 = 0. To interpret Result 1, note that the first term on the right hand side of (7.3) is a constant,
given m. It states the conditional variance for a perfectly balanced response, where p; is the same for all
groups. The second is the penalty term, namely the penalty for failing to get perfect balance in data
collection. Its size depends on how well an adaptive design succeeds in generating group response rates p,

that vary little only. It is zero if all p, can be made equal.

Formula (7.4) states that the variance S? is decreasing with IMB in a roughly linear fashion. Thus low
imbalance brings improved chances for a small deviation YAC AL~ VFUL =N A, . This is important for practice.
To illustrate, for a nonresponse of 1— p =40 per cent, S = 0.57S§/m if IMB =0.06, butif IMB =0,
as in perfect balance, that variance is reduced to S3 ~ 0.40S? / m. The improvement is clear but cannot be
claimed to be very large. This is because with most data, IMB/ p? is small compared with a nonresponse
1— p of the order of 30 to 60 per cent, cases that we are mainly concerned with here. Thus taking action to

reduce imbalance has a desirable effect, although modest rather than strong.
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In (7.2) and (7.3), the expectation E(-) is taken by averaging over the R = szl (:],
i

) equi-probable sets
r that remain out of (:1) after fixing X, . It should also be noted that more than one X, can give the same

value IMB. Hence there may be more than one value S} for the same IMB. The linearly increasing

function of IMB in (7.4) is nevertheless their common approximation.

8 The second result

In Result 1, the survey variable values Yy, are treated as fixed, nonrandom. In Result 2, they are random
with properties as stated in a linear regression model & with residuals & =Yy, —x,p for some

unknown P :
Eg(yk|xk)=xf< B; E§(5k2|xk)=c7§, all k es; E§(8k8ﬁ|xk,X[)=0, all k#/es. (8.1)

The properties in (8.1) apply also to units k and ¢ belonging in any subset r of S. Result 2 presents
expected value and approximate variance of A = (b, — bs)' X, conditionally on a fixed self-weighting

sample S and a fixed response set I with respective sizes n and m.

Result 2: Let s of size n be a self-weighting sample. Let X be the J xn x-data matrix with columns
x,, Kk es. Then, under the model & in (8.1),

, (8.2)

IMB ) o2
E (A [X.r.5)=0; Ef(AﬂX,r,s)z(l—er jaf

p> ) m
where m is the size of the fixed response set r, p=m/n is the response rate and IMB is given by (3.2).

Result 2 (for arbitrary x-vector and random Y, ) mirrors Result 1 (for group x-vector and non-random
Yy, ) in that both give conditional mean zero and the same linearly increasing form for the conditional

variance approximation.

The derivation in Appendix 3 of Result 2 relies on a comparison of the two quadratic forms in X, — X
given in (3.1), Q. and Q,. The former is used in the imbalance statistic (3.2), IMB = P2Q_; the latter
determines the weight factors g, for the CAL estimator (5.1). The approximation Q, ~ Q,, needed for
Result 2, is justified in Appendix 2.

9 Empirical testing

Results 1 and 2 give the basis for testing empirically in this section how mean and variance of the
deviation Y, —Y., =NA =N(b, - bs)' X, depend on the imbalance IMB. Both results state that the
variance of A increases in a roughly linear fashion as IMB increases, without being small even if IMB

1S near zero.
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We use real data from an Estonian survey with 17,540 households. The following variables are available
for every household: Household net income, used here as the study variable Yy, and three categorical
variables referring to the designated head of household, used here as auxiliary variables: (i) Gender (1 for
male, 0 for female), (ii) Economic activity (1 for employed, 0 for not employed) and (iii) Education, with

three exhaustive levels: low, medium, high.

We compute the mean A of A, and the variance S} of A by averaging over the sets r with fixed mean

X,, given S.

9.1 Test situation 1

In line with Result 1, we want to consider the response sets r with fixed size m arising from a given
sample s of size n. The computational volume is prohibitive even for rather small n. We drew S as a
simple random sample of size n = 20 from 17,540. The d, are then constant. The sample mean for the y-
variable (household income) was ¥, =10,386.65. We define x, as the group vector of dimension J =3
that identifies the three exhaustive levels of Education; low, medium, high. For the realized sample s, we
have nX, = (5,8,7) .

We fixed the size of the response sets I to be m =12. The response rate is 60 per cent for every one of
the (fg) ~1.26 x10° possible response sets r. From these, we excluded all those for which the response
count vector mX, contained a zero, to avoid a singular X . This left 31 configurations (m1 ,m,, m3) such
that m, +m, + m; =12 and all three counts m, > 1. For each of the 31 possibilities, we computed A and
S} by averaging over the response sets r satisfying the fixed configuration. For example,
(m1 ,m,, m3) = (3,4,5) is satisfied by 14,700 response sets I, so mean and variance of A are computed
over those. Other configurations give much fewer response sets, for example, only 70 for the configuration
(3, 8, 1); a few of those can then be very influential in the computations. For every one of the 31 cases, A
is theoretically zero, by Result 1. The computations confirmed this; a plot of A against IMB is unnecessary.
Figure 9.1 shows the 31 point plot of S2 against IMB. Because of the non-uniqueness of IMB noted
earlier, it happens several times that more than one S? occurs at the same IMB value. Figure 9.1 shows

that S2 has a clear upward trend as IMB increases. Figure 9.1 also shows the approximation

S2 & SZpprex = (52 /m)(1- p+IMB/p?) from Result 1. We have p=0.6,m=12 and S} =26.3x10°,
so the computed approximation, linear in IMB, is S3 = =a+bIMB with a=0.879x10° and
b=6.102x10° For points with low IMB, S} agrees closely with the linearly increasing S¢ . A

contributing reason is that when IMB is low, the group response rates p; vary little, and this is one of the
conditions for close approximation, as the derivation of Result 1 in Appendix 1 explains. For higher IMB
values, the increasing trend in S? is still evident, but the scatter around the theoretical line is more
pronounced. Five outlying points in Figure 9.1 have very large S?; three of them occur when one
component of (m,m,,m,) is equal to the maximal count (5 or 8 or 7). For those, less accurate linear

approximation is expected, the p; being far from equal.
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Figure 9.1 Conditional variance of A  as a function of imbalance IMB; x, a group vector of dimension 3;
response sets I of fixed size 12 from a fixed sample s of size 20.

9.2 Test situation 2

The setup and the computational steps are similar to those in Test situation 1, but x, is no longer a group

vector; some results change considerably, compared with Test situation 1.

A new simple random sample S of size N = 20 was drawn from the 17,540 households. For this sample,
Y, =9,618.4. We let x, incorporate all three auxiliary variables (i), (i) and (iii), but not completely
crossed: Gender (univariate coded O or 1), Economic activity (univariate coded 0 or 1) and Education level
(three exhaustive categories coded (1,0,0) or (0,1,0) or (0,0,1)). This x, is not a group vector; it has
dimension 1+1+3=5 and 2x2x3=12 possible values; X, and X_ are not diagonal. We have
nx, = (9,1 1,4,7,9)’ . For this sample s we considered the response sets I of fixed size m =12 excepting
those where one or more of the five components of the count vector mX, are zero. This left 658 different
vectors MX,, each composed of five non-zero counts, and satisfied by a certain number of response sets r

over which we computed, by simple averaging, the mean A and variance S . These are thus moments
conditionally on X, .

Figure 9.2 shows the 658 point plot of A against IMB. In Test situation 1, A was zero for every point
because X, was a group vector. This is not so in Figure 9.2, where the means A fan out when IMB
increases. They are much more concentrated around zero for low IMB than for large IMB. Several points
(that is several means X,) can give the same or nearly the same IMB. Figure 9.2 shows that in a small
neighborhood of a fixed value IMB; on the IMB axis, the mean of the means A is roughly zero. With

reference to Result 2, we can expect to see the average of A for fixed IMB to be near zero: Under model
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(8.1) for y,, Result 2 says that E§ (Ar | X, r,s) =0. When X and r are fixed, so is IMB. If the model is
a reasonably good representation, the average of A, for fixed IMB should be close to zero, as Figure 9.2

indicates.

Figure 9.3 shows the plot of the conditional variance S? against IMB. The pattern with a variance S?
that increases linearly in IMB prevails, even though x, is not a group vector here. Figure 9.3 shows the
computed approximating line S2,_  =(62/m)(1-p+IMB/p?) derived from Result 2, with &2 =
Zs(yk —bes)2 /(n —J) used to estimate o>. We have J =5, p=0.6, m=12 and 62 =33.6x10°,
so the line in Figure 9.3 is S} =a+bIMB with a=1.12x10° and b=7.78x10° The linear
approximation holds particularly well for small IMB, say less than 0.1. For large IMB, there is much
scatter; S? has some very large values, and some very low values as well. Figure 9.4 shows the joint
behavior of A and S? for the 658 points. The size of a dot is proportional to IMB2; the reason for squaring
is to better contrast larger and smaller IMB values. Response sets r with small IMB are found to give
small A and S2, a favourable sign because the CAL and FUL estimators are then close. To illustrate, for
points satisfying IMB < 0.1, A is in the interval (-1,390; 1,447) and S? in (0.846x10°; 4.86x10°). These
are narrow intervals; this is even more pronounced for IMB <0.05. But when IMB is large, this
advantageous situation no longer holds. For example, A can be very small and at the same time S? very
large (points in the middle and right side of the figure). On the other hand, S? can be near zero while A is
very large in absolute value (points in the top and bottom left parts of the figure.) Test situation 2 illustrates
that a non-group vector x, can give both a distinctly non-zero mean of A = and a high variance of A, and

that these tendencies are accentuated by large imbalance.
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Figure 9.2 Conditional mean of A  as a function of imbalance IMB; x, is a non-group vector of dimension
5; response sets r of fixed size 12 from a fixed sample of size 20.
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Figure 9.3 Conditional variance of A as a function of imbalance IMB; x, is a non-group vector of dimension
5; response sets r of fixed size 12 from a fixed sample of size 20.
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Figure 9.4 Plot of conditional mean of A against conditional variance of A ; x, is a non-group vector of
dimension 5; response sets 1 of fixed size 12 from a fixed sample of size 20. Dot size proportional

to imbalance squared.
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10 Discussion

We comment on several issues arising and indicate limitations of our study.

1. Choice of variables for the auxiliary vector. The auxiliary variables for the vector x is treated as a
fixed choice in this article. That choice is important when a perhaps large supply of such variables is
available. Which ones should be chosen to meet the ultimate objective, which is best possible accuracy in
the estimates? Result 1 shows that in the group vector case two factors are important for S} (which
determines the conditional variance of CAL): The response imbalance IMB and the variance S? of the
survey variable y. The fact that S? is (approximately) linearly decreasing with IMB gives incentive to try
to reduce IMB in data collection. But allowing more variables in x increases IMB (because agreement is
sought on more x-means). As for the y- variance S§ , the trend is the opposite. By (7.1), S§ is an averaged
residual variance around group means; allowing additional variables in x will, especially if they explain y
well, reduce S?. The two factors work in opposite directions: More auxiliary variables give greater IMB
but lower y- variance. It suggests a possible trade-off, a question not examined in this article. A particularity
of a group vector x plays a role: When more categorical variables enter, the vector dimension grows in
multiplicative bounds. The risk of small or empty cells restricts the expansion. To illustrate, if
x = (sex x education x age) of dimension J = 2x3 x4 =24 is expanded to also include occupation with
4 categories, in completely crossed fashion, the new dimension (equal to the new number of groups) is
J =24x4=96. In principle, S’ decreases, but risk of small cells is a good reason to abstain from
completely crossing all the variables and instead involve them in a non-group x-vector. That case is
addressed in Result 2, which says that if x explains y well, then o? is small and will give a desired low

variance for A .

2. Auxiliary information at different levels. In this article, the imbalance IMB and the calibration
estimator YAC A Use the same x-vector, and more particularly one that has auxiliary data for the sample units
only. It is a realistic case. But in more general formulations, the data collection would use a monitoring
vector x,,, possibly different from the calibration vector x_,, used later in the estimation. The first is an
instrument to get low imbalance IMB in the response, the second serves to get good calibrated weights for

Y}AU One reason why x,,, and x_, may differ in practice is that auxiliary variables for the estimation

CAL
may be updated versions of the same variables available in the data collection. There may be other reasons

to choose x,,, and x., to be different. Also, they can contain information (if available) at the population

\
level. Extensions of our approach to such situations are possible.

3. Uncertain benefit from reduced imbalance. Schouten et al. (2014) find evidence that balancing
response reduces bias. We also find that there is incentive to strive, in data collection, for an ultimate
response set with low imbalance IMB. As Results 1 and 2 show theoretically, and as test situations 1 and 2
confirm empirically, low imbalance gives a deviation YAC AL T YAFUL =N A, with zero or almost zero expected

value and a small variance. This is our protection against large bias. If IMB were to increase, the variance
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tends to increase. The zero expected value of the deviation YAC AL —YAFUL is an average property. There is no

guarantee that the deviation is small for any particular response r with low IMB.

4. Perfect balance does not eliminate the bias. Zero imbalance, IMB = 0, implies an equality of means
for response and full sample, X, = X_. If that perfect balance were achieved, the bias adjustment term in
(5.2) would be zero; the calibration (CAL) estimator and the expansion (EXP) estimator are identically
equal. One can say that if perfect balance is achieved, the power of the auxiliary vector is exhausted, not in
its potential for explaining the study variable, but in its potential for distancing itself from the crude EXP
estimator, which, although it uses no auxiliary information at all, is as good as the otherwise better choice
CAL. However, CAL = EXP is still not ideal. As Result 1 shows, the variance of the CAL deviation is not
near zero even if the imbalance IMB is near zero. Perfect balance does not eliminate the deviation of CAL,

but small IMB protects against large deviation.

5. Practical implications. In this article we have primarily in mind surveys with a “substantial and non-
eradicable nonresponse” that cannot realistically (under time and budget constraints for the survey) be
brought to single-digit per cent levels even if large resources are spent. Surveys with 30 per cent or more
nonresponse are common today. This is far from an ideal with near 100 per cent response, where imbalance

and nonresponse would essentially cease to be issues; the EXP, CAL and FUL estimators would be close.

6. Directions for generalization. Results 1 and 2 show properties of the CAL deviation among response
sets under a given formulation of the auxiliary vector. It would be desirable to generalize the results to other
situations. Our proofs assume the existence of certain inverse matrices. Extensions to other cases would be

possible with the aid of Moore-Penrose generalized inverse.
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Appendix 1

Derivation of Result 1

We derive (7.2) to (7.4) under the conditions and notation in Section 7. The sample S is self-weighting,

-1
of size n, and x is a group vector of dimension J. We assume probability (r?]) for every response set I
with fixed size m. We derive the expected value and the variance of A_ = (b_—b_) X, = ijleSVr_ -Y.,

S

where W, = nj/n, conditionally on fixed m and mean X, :(l/m)(m],...,mj,...,mJ); ijlmj =m.
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Under that conditioning, R = Hj_l(:]l) sets I have the same probability, where n, is the size of sample
group s,; ijl n, =n. This is identicjal to the probability structure for stratified simple random sampling
of m, from n, in stratum j; j=1,...,J. Given m and X,, the expected value and variance of Y, are,

) : . - J !
respectively, Y, = Z yk/n and (l/m 1/n )Sij with S given in (7.1). Thus A = ijlesysj -
y. =0, which proves (7 2), and S? —Z W (l/m. —1/nj)S§j. Substituting p; =m, /n; and p=
m/n, and using S? = Z W. S2 givenin (7.1), we get

sy

1

ZW [——1}32 —(———Jsz ZW [——IJSZ (A.1)
m

This proves (7.3). To analyze the penalty term (second term on right hand side) in (A.1), suppose that

the p; vary little only around the overall rate p. Then &, = p; / p—1, j=1,...,J, are small quantities, and

1/ p, = 1/ p(1+5j) =1/ p)(l—éj +0} =05} +) Keeping terms to second order, p/ p,—1=-6,+5}.

The penalty term is then approximated as

_ZJ:WJ'S [ﬂ - l] G~ ——ZW (— - lj ZW ( Jz (A2)

Let us further assume that the group variances S7, j=1,...,J, vary little only around their weighted

mean S?. Approximating S’ ~ S? in (A.2) we get

23 p S2 3 S2 3 2

S, (21w, (2] (2]
A 2

Here the first term on the right hand side is zero. The second term, equal to (IMB/ pz)(S§ / m) with

IMB given in (3.3), becomes a second approximation for the penalty term in (A.l). Therefore,
§2 ~(1/m-1/n)S2 +(IMB/ pZ)(Sj /m) This gives the desired result (7.4).

Appendix 2

Comparing two quadratic forms

We compare the two quadratic forms in X, —X,, Q, and Q, defined in (3.1), and justify the
approximation Q, = Q, needed in the proof in Appendix 3 of Result 2. The respective weighting matrices,
X, and X, are positive definite. Therefore Q, (or Q,) can be equal to zero only under the perfect balance

X, =X,. Since Q, =Q, for perfect balance, the continuity argument implies that Q, ~ Q_ for nearly

balanced response sets. How close are they more generally?

The CAL estimator (5.1) uses the weight factors ¢, = X, X.'x, , defined for all k € s. Their link to Q,

is shown in the second and third expressions in (A.3) below. Consider also the factors f, = X;Z;lxk for
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k €s. They are instrumental for Q,, and for IMB = P2Q_, as the last two expressions in (A.3) show. The

following moments of g, and f, are verified with the aid of the x- vector condition (2.2):

g =lvar (9)=Q,, g, =1+Q,; f =lLvar,(f)=Q, f =1+Q,. (A.3)

For g,, the means are defined as J, = Z:Sdkgk/Z:sdk , 0, = Z:rdkgk /Z:rdk , and the variances
are var, (g)= d, (g, - gs)z/zsdk ,var, (9) = d, (9, - gr)z/Z:rdk . For the corresponding
moments of f,, replace g, by f, . The variances var, (g) and var, (f) donot have an equally transparent
form and will be approximated. Another important property following from (2.2) is ZS d f.g, / ZS d =
Zr d f.g, / Zr d, = 1. Those equations and appropriate expressions in (A.3) give

cov, (f,g)=> d, (f,-T) g.)/>.d, =-Q,,
covr(f,g)=Z:rdk (f.- 1) /Z d, =-Q..

Now use cov?(f,g) < var, (f)var, (g) and the analogous inequality where r replaces s. Using also
var, (f)=Q, and var, (g) = Q, from (A.3), we get bounds for the ratio Q, /Q, :

Q _Q _van(9)

(D Q. Q (A

For more transparent upper and lower bounds, approximate the two variances in (A.4) by assuming that
the coefficient of variation (standard deviation divided by mean) is approximately the same for the response
r as for the sample s, and this for both f and g. This assumes a certain stability of the coefficient of
variation. Then var, (g) =~ (gs)2 var, (g)/(gr)2 =(1+ Q )2 Q,, so the upper bound in (A.4) is
approximately (1+Q,)" >1. Similarly, var, (f)~(T,) * var, (f)/ =(1+Q,)’Q,, which gives
(I+ Qs)f2 <1 as an approximate lower bound in (A.4). The interval approx1mat10n for the ratio Q, /Q, is

therefore

Q,/Q «((1+Q,)7.(1+Q,)").

This is to illustrate that the ratio is not far from 1, because for most data both Q, and Q, are small
compared with 1, Q, usually the somewhat bigger. Empirical work suggests however that the approximate

upper bound (1+Q,)” can often be too low.

Appendix 3

Derivation of Result 2

We derive the expressions in (8.2) under the stated conditions. The sizes of r and s are m and n,
Y. =

respectively; the response rate is p = m/n. The deviation of CAL from the unbiased FUL is Y FUL

N A, where

CAL
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Ar = (br _bs)’ is = Z:rdkgkyk /Zrdk _stkyk /stk

with b, and b_ given by (4.1), and g, = XX:'x, . Note that b'X_ = ¥, by (2.2). Now Zrdkgka/Zrdk =
Y /z d, =

A .xp Post- multlply that equation by P and wuse the result to get A =

r

Y
z.dg ( ) d, yk—x,'([i)/stk, which expresses A, in terms of the residuals
& =Y, —ka of the model (8.1):

_ Zrdkgkgk _zsdkgk
o2 d > d,

Then use the model properties of & in (8.1). From E, (& | x,)=0 for all k it follows that

A

A |X r, S =0. To -evaluate the wvariance, use Eg (5k2|xk)=a§, for all kes, and
E g8, | x,.x /) 0, all k # ¢ e s. This gives

5
EE (A2|X’|”S):gz Zrdkzgl% + 0?2 stf — 2 Zrdkzgk

Ty Trar ez

Here the d, cancel out, because constant. The first and second expressions in (A.3) hold for any d,, in

particular constant d,, so we get Zr g, / m =1 for the mean and Zr 9; / m=Q, +1 for variance plus
squared mean. Therefore,

1 1 1 1 1 Q
E.(A2|X,r,5)=|—(1+ +—-2—|o2=|———+=L |2,
5( r| ) (m( Qr) n njo-g ( jaa

m n m

As a final step, use the approximation Q, ~ Q, justified in Appendix 2, and IMB = p?Q,. Then, as
claimed in Result 2, E, (A?| X,r,s) = (1- p+IMB/p?)(c2/m).

References

Beaumont, J.-F., Bocci, C. and Haziza, D. (2014). An adaptive data collection procedure for call
prioritization. Journal of Official Statistics, 30, 607-622.

Bethlehem, J., Cobben, F. and Schouten, B. (2011). Handbook of nonresponse in households surveys. New
York: John Wiley & Sons, Inc.

Brick, J.M. (2013). Unit nonresponse and weighting adjustments: A critical review. Journal of Official
Statistics, 29, 329-353.

Couper, M.P., and Wagner, J. (2011). Using paradata and responsive design to manage survey nonresponse.
Proceedings, 58" World Statistics Congress, International Statistical Institute.

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2016 237

Deville, J.-C., and Tillé, Y. (2004). Efficient balanced sampling. The cube method. Biometrika, 91, 893-
912.

Groves, R. (2006). Research synthesis: Nonresponse rates and nonresponse error in household surveys.
Public Opinion Quarterly, 70, 646-675.

Groves, R.M., and Heeringa, S.G. (2006). Responsive design for household surveys: Tools for actively
controlling survey errors and costs. Journal of the Royal Statistical Society, Series A, 169, 439-457.

Little, R.J.A., and Vartivarian, S. (2005). Does weighting for nonresponse increase the variance of survey
means? Survey Methodology, 31, 2, 161-168. Paper available at http://www.statcan.gc.ca/pub/12-001-
x/2005002/article/9046-eng.pdf.

Lundquist, P., and Sarndal, C.-E. (2013). Aspects of responsive design. With applications to the Swedish
Living Conditions Survey. Journal of Official Statistics, 29, 557-582.

Peytchev, A., Riley, S., Rosen, J., Murphy, J. and Lindblad, M. (2010). Reduction of nonresponse bias in
surveys through case prioritization. Survey Research Methods, 4, 21-29.

R Core Team (2014). R: A Language and Environment for Statistical Computing. R Foundation for
Statistical Computing, Vienna, Austria.

Rao, R.S., Glickman, M.E. and Glynn, R.J. (2008). Stopping rules for surveys with multiple waves of
nonrespondent follow-up. Statistics in Medicine, 27, 2196-2213.

Sarndal, C.-E. (2011). The 2010 Morris Hansen lecture: Dealing with survey nonresponse in data collection,
in estimation. Journal of Official Statistics, 27, 1-21.

Sarndal, C.-E., and Lundstrom, S. (2005). Estimation in Surveys with Nonresponse. New York: John Wiley
& Sons, Inc.

Sdrndal, C.-E., and Lundquist, P. (2014a). Accuracy in estimation with nonresponse: A function of degree
of imbalance and degree of explanation. Journal of Survey Statistics and Methodology, 2, 361-387.

Sdrndal, C.-E., and Lundquist, P. (2014b). Balancing the response and adjusting estimates for nonresponse
bias: Complementary activities. Journal de la Société Francaise de Statistique, 155(4), 28-50.

Schouten, B., Calinescu, M. and Luiten, A. (2013). Optimizing quality of response through adaptive survey
designs. Survey Methodology, 39, 1, 29-58. Paper available at http://www.statcan.gc.ca/pub/12-001-x/12-
001-x2013001-eng.pdf.

Schouten, B., Cobben, F. and Bethlehem, J. (2009). Indicators for the representativeness of survey response.
Survey Methodology, 35, 1, 101-113. Paper available at http://www.statcan.gc.ca/pub/12-001-
x/2009001/article/10887-eng.pdf.

Schouten, B., Cobben, F., Lundquist, P. and Wagner, J. (2016). Does more balanced survey response imply
less non-response bias? Journal of the Royal Statistical Society, Series A, 179, 727-748.

Wagner, J. (2008). Adaptive survey design to reduce nonresponse bias. Ph. D. Thesis, University of
Michigan, Ann Arbor.

Statistics Canada, Catalogue No. 12-001-X



238 Sérndal et al.: Reducing the response imbalance: Is the accuracy of the survey estimates improved?

Wagner, J., and Raghunathan, T.E. (2010). A new stopping rule for surveys. Statistics in Medicine, 29,
1014-1024.

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2016 239
Vol. 42, No. 2, pp. 239-262
Statistics Canada, Catalogue No. 12-001-X

Statistical inference based on judgment post-stratified
samples in finite population

Omer Ozturk?

Abstract

This paper draws statistical inference for finite population mean based on judgment post stratified (JPS) samples.
The JPS sample first selects a simple random sample and then stratifies the selected units into H judgment classes
based on their relative positions (ranks) in a small set of size H. This leads to a sample with random sample sizes
in judgment classes. Ranking process can be performed either using auxiliary variables or visual inspection to
identify the ranks of the measured observations. The paper develops unbiased estimator and constructs
confidence interval for population mean. Since judgment ranks are random variables, by conditioning on the
measured observations we construct Rao-Blackwellized estimators for the population mean. The paper shows
that Rao-Blackwellized estimators perform better than usual JPS estimators. The proposed estimators are applied
to 2012 United States Department of Agriculture Census Data.

Key Words:  Post stratified sample; Finite sample correction; Ranked set sample; Stratified sample; Rao-Blackwellized
estimator.

1 Introduction

In many survey sampling studies, in addition to variable of interest, sampling frame has additional
available auxiliary variables to improve the information content of a sample. These auxiliary variables have
been successfully used to construct better estimators, such as ratio and regression estimators. These
estimators usually require strong modeling assumptions between the auxiliary variable(s) and variable of
interest. MacEachern, Stasny and Wolfe (2004) introduced judgment post-stratified (JPS) sample, and
constructed estimators that require weaker modeling assumptions than the ratio and regression estimators.

A JPS sample selects a simple random sample of size n from a population and measures all selected
units, X,; i=1,...,n. For each one of the measured unit, researcher selects additional H —1 units to form
aset of size H. This set contains the measured unit X, and the additionally selected H —1 units. Units in
these sets are ranked from smallest to largest without a measurement and the rank of X, is determined. The
pairs (Xi , Ri); i =1,...,n, are called a JPS sample. Ranking process in these sets can be performed either
using visual inspection of the units or some available auxiliary variable. If the visual inspection is used,
rankers should be blinded to actual values of X, to avoid any bias. If the auxiliary variable is used, a
monotonic relationship between the variable X and auxiliary variable is required. These assumptions are
much weaker than the linearity assumption in regression and ratio estimators.

Ranking information in a JPS sample is used to induce a structure among measured observations by
creating H judgment classes of similar units. The judgment class h, h =1,...,H, contains all measured
observations with judgment rank h. Since rank R, provides information about the relative position of X,
among H units in a set, observations in judgment class h are stochastically larger than the observations in

1. Omer Ozturk, The Ohio State University, Department of Statistics, 1958 Neil Avenue, Columbus, OH, 43210, U.S.A. E-mail:
omer@stat.osu.edu.
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judgment class h’, for h’ < h. This induced structure increases the information content of the sample. One
may also view a JPS sample as a stratified sample with H strata. In this case, the improved efficiency can
be established from standard theory of stratified sampling in survey sampling designs.

In a JPS sample, ranks are determined after a simple random sample is selected. Thus, the humber of
observations, M, , in judgment class h is a random variable. The joint distribution of M = (M,,...,M,,)
is multinomial with parameters n and success probability vector (1/H,...,1/H). Since M is a random
variable, it is highly possible that M, = 0 for some h when the sample size n is small. Statistical inference
then should account for the impact of empty strata on the procedures.

In an infinite population setting, JPS sample has generated extensive research interests. For a tiny slice
of literature, readers are referred to Frey and Feeman (2012, 2013), Frey and Ozturk (2011), Stokes, Wang
and Chen (2007), Wang, Lim and Stokes (2008), Wang, Stokes, Lim and Chen (2006), Wang, Wang and
Lim (2012), Ozturk (2013, 2014a, 2014b, 2015) and the references there in.

One way to avoid having random sample size M, is to rank the units in each set before selecting a
simple random sample from the population. In this case sampling design is called ranked set sample (RSS).
Ranked set sampling is introduced in Mclntyre (1952, 2005) to estimate the population mean in agricultural
research. To construct an RSS sample of size n, researcher first determines the design parameters, set size
H and the judgment class sample size vector m = (m,,...,m,), where m, is the required number of
observations to be selected in judgment class h. Researcher next selects nH units at random from the
population and divide them into n sets, each of size H. Units in each one of these sets are ranked and the
ht judgment order statistics is measured in m, sets so that Z::l m, = n. The measured observations X
j=1,...m; h=1,...,H are called an unbalanced ranked set sample, where X,
statistics from a set of size H. If the judgment class sample sizes are all equal m, =n/H; h=1,...,H,
the sample is called a balanced ranked set sample. If there is no ranking error, judgment order statistics
become usual order statistics from a sample of size H. In this case, usual order statistic notation is used to
denote the ht" order statistic, X

DI
is judgment order

i

In recent years, there have been increased research activities in JPS and RSS sampling in a finite
population setting. Patil, Sinha and Taillie (1995) used ranked set sample to estimate population mean for a
population of size N when the sample is constructed without replacement. Deshpande, Frey and Ozturk
(2006) expanded the without replacement policy in Patil et al. (1995) into three different designs, design-0,
design-1 and design-2, and constructed confidence intervals for population quantiles. The design-0
constructs the sample by replacing all units back into the population prior to selection of the next set.
Design-1 constructs the sample by replacing only the unmeasured units back into the population before
selecting the next set. Design-2 constructs the sample by replacing none of the units back into population
regardless of whether they were measured or not. Al-Saleh and Samawi (2007), Ozdemir and Gokpinar
(2007 and 2008), Jafari Jozani and Johnson (2011, 2012), Gokpinar and Ozdemir (2010), Ozturk and Jafari
Jozani (2013), and Frey (2011) computed inclusion probabilities and constructed Horvitz-Thompson type
estimators for population mean and total for some variant of design-0, design-1 and design-2 samples based
on ranked set samples.
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Ozturk (2014a) combined ranking information from different sources in a ranked set sample, estimated
the inclusion probabilities of population units and constructed estimator for population mean. For settings
where population values of auxiliary variables are available, Ozturk (2016) used population ranks (global
ranking information) of selected sample units to induce stronger structure in data to improve the information
content of the sample. He showed that samples constructed based on global ranking information provides
higher efficiencies. A comprehensive up to date literature review both in JPS and RSS can be found in recent
review paper in Wolfe (2012).

In this paper, we consider with- and without-replacement sampling designs for JPS sampling in finite
population setting. Section 2 provides detailed descriptions for the construction of the designs. For each
design, we obtain the probability mass functions, means, variances and covariances of order statistics. These
results are used to construct unbiased estimator for the population mean and unbiased estimators for the
variance of sample means. Section 3 constructs Rao-Blackwellized estimators by conditioning on the
measured observations X,; i=1,...,n. Section 4 provides empirical evidence for the new estimators.
Section 5 applies the proposed procedures to 2012 United States Agricultural Census (USDA) data.
Section 6 provides some concluding remarks. The proofs of the theorems are provided in Appendix.

2 Sampling designs and estimator

We consider a finite population of size N, P ={u,,...,u, }, where u; isthe j™ unitin the population.
Let X be the variable of interest. The values of X on population units will be denoted with x,,..., X, .
Without loss of generality, we assume that the population values of random variable X are ordered,
X, <...< Xy, so that the population rank of the unit u, with respect to variable X is i, R(xul) =s, =1
where S,, is the rank of x, among N population units. In addition to the variable of interest X, we assume

that there is an additional variable Y that has monotonic relationship with random variable X.

We consider two sampling designs, design-0 and design-2. Both designs select a simple random sample
U, = {usl ,...,usn} from population P. Without loss of generality, the sample U will be identified with
rank vector S ={s ,...,s }. The design-0 selects the units with replacement, but design-2 selects the units
without replacement. All selected sample units are measured for the variable X. Throughout the paper, we
call X =(X,,...,X,) asasample of size n, where we use the notational convenience X, = X . Itis clear
that X,; i =1,...,n areall independent in design-0, but they are negatively correlated in designl—2. For each
measured unit u_ in the sample, we randomly select an additional H —1 units without replacement from
the remaining p0||oulation units to form n sets each of size H,

Siv ={u u utH}; s, #t.,u. €P; h=1,... H-1;,i=1,...,n

s 1o h M,

Units in each set S, are ranked based on auxiliary variable Y and the rank of the measured unit u_, R;,
among H units is determined. Our judgment post-stratified sample then consists of pairs (X,,R.),
i =1,...,n. Indesign-0, all unmeasured units in set S, , are replaced in the population before constructing
the next set. Hence the same unmeasured unit(s) can appear in more than one sets. In design-2, none of the
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unmeasured unit is returned to the population before constructing the next set. Hence, all sets S, , are
disjoint.

One can interpret rank vector R = {R,,..., R } as a covariate that replaces similar units, units having the
same ranks, in the same judgment class. A JPS sample provides extra information on the measured unit u_
in addition to the measured value x; through its relative position (rank R) in the set S, ,. The quality olf
information depends on the strength of the monotonic relationship between the X and Y variables. It is
clear that if the ranks, R, i =1,...,n, are ignored, the sample is reduced to a simple random sample.

Ranking scheme is called consistent if the same ranking procedure is used in all sets. Under a consistent
ranking scheme, following equalities hold.

Lemma 1. Let (X,,R,) be a JPS sample constructed with a consistent ranking scheme and set size H from
population P.
i. Fordesign—r, r=0, 2, we have

=
Il
Uy
=
Il
uy

ii. For design-2, we have

Part (i) of Lemma 1 is given in Presnell and Bohn (1999) in an infinite population setting. In this paper, we
use a consistent judgment ranking scheme unless stated otherwise. Conditional mean and variance of X,
given R; = h and the conditional covariance of X, X, giventhat R, =h,R =h" will be denoted by

My = E(X[h]) = E(xi R, = h)'

2
O-[h

| = Var(X,, )= var(X, R, =h)
and

Oy = COV(X 0 Xpy) = COV(X [, X |R; =h,R =h').

]

Under perfect ranking, the square brackets in these expressions will be replaced with round parentheses.

There is a clear difference between the JPS samples in design-0 and design-2. In design-0, the pairs,
(X;,R)); i=1,....n, are mutually independent. In design-2, any two measured observations X; and X
are negatively correlated even though their ranks R; and R; are independent. Ranks are independent
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because they are determined independently in different sets. We first investigate the distributional properties
of random variables in a JPS sample from population P.

Lemma 2. Let (X,,R,) be a JPS sample under perfect ranking with set size H from population P.
() Conditional probability mass function of X, given R, = h is

[i—lj(N—i}
Bi;h) = p(xj =Xi|Rj :h):w X eP

N L |
H
for both design-0 and design-2 settings.
(i) Conditional probability mass functions of X, and X, given that R =h and R, =h’

B, j;h,h)=P(X, =x,X, =x,|R =hR =h') are

By (i, 5sh ) = B(ih) (50, (%, x;) e P
for design-0 and

A0, jih,h') =
i—1\(j-i-1 N —j j-1-h=-A\N-j-H+A1+h
’Z'l(hlj( A J(H —ﬂ—hJ( h'—1 J( H-h
= NY/N-H
W)
for design-2.
(iii) Conditional mean and variance of X, givenitsrank R; = h are

], i< j.(x.x,)eP

tey =E(X[R; = h):iZ:J;Xiﬂ(i'h)

N
op, =Var(X,|R, =h)= ;Xfﬂ(l,h)—,u(zh)
for both design-0 and design 1.
(iv) Conditional covariance of X, X, given their ranks are

cov(X,,X,|R. =h,R =h)=0 . =

0

for design-0 and

Gy = 2200, 1 1) = DAL Y0 B )

i=1 %]

for design-2.

The proofs of part (i) and (ii) of the above Lemma are given in Patil et al. (1995). The proofs of the other
parts are trivial and omitted here.
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Ranking process in a JPS sample leads to a multinomial random vector M = (M,...,M,, ), where M b
is the number of observations in judgment class (post strata) h, h=1,...,H. The marginal distribution of
M, follows a binomial distribution with parameter n and 1/H. For notational convenience we use

., = 1 (M, >0) to denote the event that the judgment class h is nonempty and d_ = Z::llh to define the
number of non-empty judgment classes in a JPS sample. In the following Lemma, we provide some useful
preliminary results on the judgment class sample size vector, proof of which can be found in Dastbaravarde,
Arghami and Sarmad (2016) and Ozturk (2014b).

Lemma 3. Let (X,,R);i =1,...,n, be a JPS sample constructed under a consistent ranking scheme with
set size H from P. The following equalities hold for both design-0 and design-2:

(i) Eu—jzl/H.
o)l
(iii)Var(Olan— Hl > 1(:;]1
o)l

1 H okaonki (1)1 (H =1k =1} n —
(M dzj {H"‘Zk:ZZj:lthzl k2m, (k_l][j_]j(mhj(k—l) }

We now consider the estimation of the population mean. We use

1 N

ZN:xi and o2 =—>(x - u)’

TN & N &

to denote the mean and variance of the population P, respectively. Let

i =3 X IR =h),r=0,.2

h=1 hen i=1

be the estimator for population mean x based on design-r, r =0, 2, respectively. In these estimators, 1,
M, and d_ are random variables. They are used to make a correction on the estimator to yield an unbiased
estimator for & when some judgment classes are empty. If the ranks are ignored in a JPS sample, it becomes
a simple random sample based on design-0 or design-2. In this case, population mean u is estimated by

X =%zn:x . r=0,2

=L

from design-0 or design-2 data, respectively.
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Theorem 1. Let (XI R ); i =1,...,n, beaJPSsample of setsize H constructed under a consistent ranking

scheme based on either design-0 or design-2 from the finite population 7. (i) The estimators /[, are
unbiased for . (ii) the variances of estimators / are

, H |1 H H
el hZ:;‘(ﬂ[h]_ﬂ) dzM hz

for r =0 and
H I \&H 2 1 1
% T h _1var[ij;('“[h]_”) _m(__E( /4 )J
|2 H H ) |2 1 H
+E| = 2 4| ——E(l,/d ) —E| —— |-
X eIy ()Jz
for r = 2.

All expected values in ago and agz are computed over random sample size vector M. These expected
values can easily be computed from Lemma 2 using simple R-functions. Estimators for the population mean
based on a balanced ranked set sample in design—O and design-2 settings are given by

U ZZX r=0,2,

i=1 h=1

where m=n/H is the cycle size. Since the observations in design-0 are all independent, the variance of
4, is the same as the variance of RSS sample mean in an infinite population. The variance of . is given
in equation 4.5 in Patil et al. (1995). In terms of our notation, the variance of ., is written as
(N-1-n) 1 & 2 1 &
02*:—0'2—— — - O, . 2.1
Hy n(N _1) nH — (‘Ll[h] /U) nH Z [h,h] ( )

h=1

We put the variance of /, in a slightly different format to compare it with off

H H 2
L= 2ty ){H_lvar('l/d”)‘E[dﬁiﬂl}
Ho? N -1)(H -1)E o 1HEI12
+m{( ~D(H-Y) [delj_ ' [d_zl}
|2

H ) ;
+{H— 1/d) _E(dﬁM] H(H - 1)}Z e (22)

One can easily see the impact of random sample size vector M on estimator s, in a JPS sample by
comparing equations (2.1) and (2.2). Expressions in curly brackets in equation (2.2) make corrections for
the random sample sizes in JPS sample. For large population and sample sizes, ‘75;' agz and ago reduce
to simple forms.

Corollary 1. Assume that n and N increases in such a way that the ratio of n/N approaches to a limit
at f, limo,.(n/N)=f.
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(i) If f >0, the variances ‘752' fo and Uf?o converge to two simple forms
2

1 H H
lim no7 =lim nog, =(1- f)az_ﬁZ(ﬂ[hJ _'”)2 =2 %

n—o n—o h=1 h=1
and
lim no -iiaz ‘az—ii(u - u)’
o y H e} [h] H ~ h
@@ If f =0, limnse na2 = liMnsew na = ||mn%na = —Zh 1a[h which is the same as the

variance of sample mean of a ranked set sample in infinite population setting.

(i) If f is strictly positive, then Iimn%ndﬁz = liMmnseNo?

<li 2,
e < iMoo NO

The part (iii) of the corollary indicates that when sample and population sizes grow at certain rate, the
variances of sample means of JPS and RSS samples in finite population setting are always smaller than the
variance of the same estimator in infinite population setting. This efficiency improvement is due to the
negative correlation between X; and X in without replacement sampling designs.

We now construct unbiased estimators for 050, ogz and aff. We first rewrite the estimators ogz and
o-fl, in slightly different forms

_ 1 12 H 2 H - H
o _{H(H—1)+E[dn2Ml)_H—1E(d2j}{2"m ;O-h,h}
e el ['fl}}
+ Var|—|-——<—-E|—
H-1 d ) N-1|H dz
=C,(n, H){Za[h zghh}+C (n,H, N)

1 H H 2
o2, = — o2
S 2h T e

In equation (2.3), it is clear that the coefficients C, (n,H) and C, (n,H,N) are known quantities for given
values of sample size n and set size H. Let

(2.3)

_ n n ~ 2 _ _ ’
L= E(I 1, j;;m Mhdf. - (Xi xj) (R, h)l(Rj h),
dz
H H h h

T, = X =X ) 1(R =h)I(R =h),

© LT M) h—1>§§< ) 1R =0)1(R, =)

. 1 H H m m )
I =2m2H2;§;;(X[h]' Xp1i)

. _ 1 H m m )

2 2m(m-1)H? ;;;(xw =~ Xp)
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and

SRS 1 z

n- i=1

where I =1(M, >1), d* = z:zll;j and m is the cycle size in a balanced ranked set sample. From
Lemma 3, one can easily establish that E (1,1, /d?2) = (1/H - E(Il/dn)z)/(H —1). Hence, T, is a statistic
that depends only on the data. Note that 62, is an unbiased estimator for o2. In the next theorem, we

provide other unbiased estimators (52) for o based on JPS and RSS samples in design-0 and design-2.

Theorem 2. Let (X,R;), i=1,...,n, and X;; h=1,...,H; i=1...,m, be JPSand RSS samples of set
size H, respectively, both from the population P. Unbiased estimators of o2, 050, agz and 5,2,; are

given by, respectively,

(T,+T,)/(2H?) for design-0

(N _le)\l(l-—r;; T2) for design-2

52 = (2.4)

(T/+T,)(N-1)
N

T +T; for balanced RSS in design-0,

1 2

o = Yar(l/d) 1+{E(LJ—Var(L]}T—2, (2.5)
b~ T2(H -1) dzM, d )

2 2
62 =C,(n,H)T,/2+C,(n,H,N) GSRls, (2.6)

for balanced RSS in design-2,

(N _1)(T1+T2)
2N (H -1)

G =C,(n,H)T,/2+C,(n,H,N) (2.7)

T +T,

=z

Note that both &/212 and 652 are unbiased for 0/212' The estimator &2 is also unbiased for population variance
o? in RSS and JPS samples in design-0 and design-2. Theorem 2 indicates that all the variance estimators
are unbiased for any sample size n >1. We note that E(12/d2)<1/H2. By using this bound, one can
show that C, (n,H) > 0. On the other hand the coefficient C, (n,H,N) can be negative for some n, N
and H. This rarely may lead to a negative value for &52. For negative 6—52, we propose a truncated
estimator

&2 if 62 >0
52 =1 M : 2.8
i " e,(nH)T /2 if 62 <. (28)
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This estimator is always positive and has very little bias. The values of 652 appears to be always positive
based on our limited simulation study.

3 Rao-Blackwellized estimator

In this section, we construct estimators that improve the performance of the JPS estimators in the
previous section. For a given simple random sample Xsl, s , the sets Sins j=1,...,n, can be
constructed over all possible matching of n(H —-1) additional units to n fully measured units. Each
construction creates a new set of ranks hence a new estimate. We combine all these estimates by using Rao-

Blackwell theorem. Let

/jr:E(mX):E{th zn; (R, )|xl,...,xn}

—Zx E[Z hll\(ﬂRd_ )‘ } > X201 =0.2,

h=1 i=1

where

The expectation in & x is taken over the conditional distributions of R ji=1,...,n, M,; h=1,.,N,
and d_ given X. We note thatranks, R;; j=1,...,n, are assigned mdependently ineachset S, . Hence
the joint distributions of RJ.; j=1,....n, given the measured observations Xj; j=1,...,n, are all
independent

A, .

wx = PR =h,. . ,R =h |X)=f!P(RJ. =h,|X), 1<h, <H.
=

Assume that population ranks, s ; j=1,...,n, of sample units are available, To construct the conditional
distribution of R, = h; given X, = x_ , we first observe that

P(R,=h;,X; =%, )= A(s;h)/H and P(X =x )=1/N.

J’J

Using these joint and marginal probability mass functions, we write

%,

s.—1\(N
_ ~ _ _ _ _{h;=1){H -h,
_P(Rj_hj|x)-P(Rj—hj|X.—x )_ | =L, Hx eP, (31
where X is the s!" smallest unit in the population. The evaluation of a_ o [x in z, is computationally
intensive. Even though the conditional distributions of rank R;’s are mdependent for given X, they are not

ilsi
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identically distributed. Hence, the conditional distribution of judgment class sample size vector M given
X does not have a multinomial distribution.

We now introduce an approximation to evaluate z . We first recognize that the conditional distribution
of R, =h given X, =x  is a hypergeometric distribution. Thus we can generate R; from this
hypergeometric distributions for given values of X.

Algorithm 1.
l. Select an integer B. For b=1,...,B, generate R®*={RP",...,R**} from “Rj\xj:xs_ in
equation (3.1). ’
. * x - x n . _ . _ H *
Il. Using R®* compute 12 =1(M®* >0), MP —Zj_ll(RPv =h), do*=>" " 1P and
H | b*
I (R =h),i=1,...,n
=S
We approximate a, with a” = Zb _ar" /B, i=1,...,n. From law of large numbers & approaches to a,

as B gets large. Rao-Blackwellized estimator j, is then approximated by - = Z_n aX,.

i=1 1
If the population ranks of sample units are not available, Algorithm 1 may not be usable. In this case, we
use the collection of all unmeasured units to construct Rao-Blackwellized estimators. Let YT =
(Yl, . ,Yn(H_l)) be the auxiliary variables on unmeasured random variables. We use the following algorithm
to approximate the Rao-Blackwellized estimators.

Algorithm 2. For b=1,...,B, repeat the steps I-IV.
I. Perform a random permutation on the entries of vector Y to obtain Y, = permute(Y).
[I. Divide the entries of Y, into n sets, each of size H —1.
I11. Match these n sets of size H —1 with n Y -values of the measured units to form n sets, each

of size H. Obtain the rank of the X measurement from the rank of corresponding Y value in
eachset, Ry = (R,....,R; ).

pateee

IV. Using R; compute 1°° = 1 (M®*>0), M>*=>" I(R;, =h), dov=>" 15" and

j=1 h=1 " h
H | b H
ab* = _ I (Rb* =h), i=1,..,n.
I ;Mb db hz::: )

V. Compute the Rao-Blackwellized estimator i, =Y " a'X,, r=0,2, wherea = >’ ab*/B.

Even though large values of B provides better approximation to Rao-Blackwellized estimators, it may
require additional computational effort and may not be feasible in practice. On the other hand, even small
values of B, such as B =5 could provide a significant improvement.

We now consider constructing estimators for the variance of Rao-Blackwellized estimators. Obtaining
analytic expressions for the variances of i is a challenge. Difficulty arises from the fact that there is no

analytic expressions for the computation of CHI i =1,...,n. We then appeal to a bootstrap procedure to
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compute the variance of j, . Bootstrap estimators can be constructed from a plug-in method. Let & be a
statistical functional ¢ =T (P), where P is the finite population. The bootstrap estimate of 8 can be
obtained from 6 =T (75) , where P isthe empirical population. In finite population setting, the construction
of the empirical population plays an important role to preserve the without replacement policies of bootstrap
samples. Let K be the integer part of N/n and k = N — Kn. We construct P with

ﬁz{x,...,x,xtl,...,xtk},

K times

where X, ; j=1,...,k, are selected at random from X = {xsl,...,xs } With this construction, the
population size, N, is the same in both 7 and . We generate bootstrap re-samples X*1 = {Xsll X:'l}

from P with replacement for design-0 and without replacement for design-2. To construct the bootstrap
distribution of the estimator £, we generate re-samples X*¢,c =1,...,C and compute

n
e =>ax>, c¢=1,...,C
i=1
from Algorithm 1 or 2. The bootstrap variance estimate of z_is then obtained from

C
62 =——=> (-}, (3.2)

where f; is the mean of j’¢,c=1,...,C.

A bootstrap (1-5)100% percentile confidence interval for x is constructed by (L;/2,L:7/2), where
L2 is the a™ quantiles of z satisfying P(ﬁ;‘ <L |75) for0<a<l.

4 Empirical results

In this section, we look at the finite sample properties of the estimators in a small scale simulation study
under wide ranges of simulation parameters. Data sets are generated from discrete normal and discrete
shifted exponential populations for given population size N. The discrete populations are constructed from
the quantile function

i o
x. =F (N+1J’ i=1,...,N, (4.1)

where F is either normal or exponential cumulative distribution functions (CDF). For discrete normal
population, we used location parameter 10 and scale parameter 4. For shifted discrete exponential
population, we use the CDF of standard exponential distribution to generate X, in equation (4.1) and then
shift each x; by adding 10. The population size is taken to be N =150.

We used sample (n) and set size (H) to have integer values for n/H so that a balanced ranked set
sample of size n can be created. Sample and set size combinations (n,H) are (10, 2), (15, 3), (20, 4),
(25, 5). To control the quality of ranking information we used auxiliary variable Y, where p = cor(X,Y)
with p =1,0.75. The value of p =1 yields perfect ranking and the value of p =0.75 creates errors in
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ranking. Simulation size is taken to be 3,000. Rao-Blackwellized estimators are computed from Algorithm 1
with B =50 and bootstrap replication size 200.

The first part of the simulation investigates the efficiencies of the estimators and coverage probability of
the confidence intervals of the population mean. All estimators are compared with design-2 Rao-
Blackwellized estimators (/z,). Let D(X) be any one of the estimators introduced in Section 2 and 3. The
relative efficiency of D(.) with respectto f, is given by

MSE (D
R(D) = (©)

- W, (42)

where MSE (D) is the estimated mean square error of estimator D. In equation (4.2), the value R(D) >1
indicates that the estimator /, is more efficient than the estimator D.

We consider two types of confidence intervals for the population mean. Percentile confidence interval
based on bootstrap distribution is given in Section 3. The coverage probabilities of these intervals will be
labeled with C2 (z,) for design-0 and C?(z,) for design-2. A second type of an approximate confidence
interval can be constructed from standard theory. Note that we have unbiased estimators, &,, for the
variances of sz ; r=0,2. A 100(1-y)% confidence interval for x is then given by

i xt 5., r=0,2,

n—l,l—;//zo-r ’

where t . . isthe a™ upper quantile of the t-distribution with n—1 degrees of freedom. The coverage
probabilities of these confidence intervals will be labeled as C® (z,) for design-0and C® (z,) for design-2.
Ahn, Lim and Wang (2014) suggested using n—H degrees of freedom for the t-approximation. This
selection may also work in JPS sampling in finite population setting with some increased variation due to
unbalanced nature of a JPS sample. This line of work, on the other hand, is not persuaded in this paper

because of the space limitation.

Table 4.1 presents the relative efficiencies of the estimators and the coverage probabilities of the
confidence intervals for discrete normal populations. It is clear that Rao-Blackwellized design-2 estimator
(4,) outperforms all the other estimators including RSS estimators. In general RSS estimators are more
efficient than JPS estimators due to random judgment class sample size vector M. This can be seen in
Table 4.1 by looking at the ratio

R(4,)  MSE(4,)

R(#)  MSE(x))’
For r =0, p =1 and sample-set size combinations (n,H), (10, 2),(15, 3),(20, 4),(25, 5), these ratios
are  1.267(1.698/1.340), 1.491(2.117/1.419), 1.815(2.985/1.644), 2.391(3.479/1.455),
respectively. It is obvious that ranked set sample estimator x;, is more efficient that JPS estimator z,. This
can be explained from the fact that RSS sample uses a constant (nonrandom) sample size vector
m = (n,,...,n,, ). Hence there is not extra variation due to randomness of M in JPS sample and this yields
smaller variance for the estimator.

r=0,2.

Table 4.1 (entries in columns R(,) and R(x;)) indicates that Rao-Blackwellized JPS estimators are
better than RSS estimators. In this case, there is a clear difference between Rao-Blackwellized JPS
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estimators and RSS sample estimators. In RSS sample, even though m is constant, ranking information (or
rank R. that belongs to each X,) is obtained from a particular construction of n sets, each of size H. On
the other hand, Rao-Blackwellized JPS estimators consider all possible constructions of n sets, each of size
H. Hence, the content of ranking information is richer in a Rao-Blackwellized JPS sample than the content
of ranking information of an RSS sample. This increased ranking information makes Rao-Blackwellized
estimators superior to RSS estimators.

Table 4.1 also presents coverage probabilities of the confidence intervals. The coverage probabilities of
bootstrap percentile confidence intervals are slightly lower than the nominal value 0.95. The coverage
probabilities of the confidence intervals based on t-distribution are reasonably close to nominal coverage
probability 0.95.

Table 4.1
Relative efficiencies of estimators and coverage probabilities of a 95% confidence interval of population mean.
Data sets are generated from discrete normal population with mean g =10 and scale o = 4

Relative Efficiencies, R(X,) = Var(X,)/Var(i,) Coverage probabilities
n H p | R(X) R(X)) R(&) R(&) R() R() R(&) [C (&) C (&) C"(4) C" (&)
10 2 1.00 2.182 2.050 1.698 1571 1.340 1.470 1.147 0.880 0.885 0.943 0.947
15 3 1.00 3.393 3.074 2117 1.809 1.419 1.732 1.049 0.902 0.896 0.940 0.929
20 4 1.00 5.739 5.008 2.985 2.277 1.644 2.363 1.238 0.907 0.916 0.944 0.924
25 5 1.00 7.791 6.536 3.479 2.262 1.455 2.689 1.283 0.908 0.924 0.937 0.903
10 2 0.75 2.322 2.057 2.236 1.941 1.945 1.761 1.137 0.886 0.890 0.942 0.941
15 3 0.75 3.726 3.282 3.338 2.829 2.641 2.351 1.129 0.901 0.908 0.946 0.937
20 4 0.75 5.383 4.562 4.458 3.922 3.451 2.881 1.139 0.910 0.903 0.946 0.930
25 5 0.75 7.339 6.413 6.054 4.805 4.493 3.527 1.197 0.905 0.904 0.944 0.924

. Coverage probabilities are computed from bootstrap percentile confidence interval.
: Coverage probabilities are computed from z, +t 5., r=0,2.

T Q@

n-1, 0.9756

Table 4.2 provides variance estimates of the mean estimators from simulation and the estimators in
equations (2.5), (2.6), (2.8), and (3.2) in Sections 2 and 3. We already proved that the estimators &5#
r =0, 2, are unbiased. Entries for these variance estimators are very close to the corresponding values
based on simulated variance estimates. The truncated variance estimator is almost identical to the un-
truncated unbiased estimator. This shows that negative values happen rarely and there is not much difference
between the truncated and un-truncated variance estimators. The bootstrap variance estimates of Rao-
Blackwellized estimators are also very close to simulated variance estimates. Patterns similar to the ones

we observed in Tables 4.1 and 4.2 also hold in Tables 4.3 and 4.4 for shifted exponential population.

Table 4.2
Variance estimate of the estimators. Data sets are generated from discrete normal population with mean g = 10
and scale o = 4

Estimates from equations (2.5), (2.6), (2.8), (3.2) Estimates from simulation
n H p o, o S S, or | Vell) Ve(m) Ve(@) V(&)
10 2 1.00 1.177 1.078 1.078 0.694 0.646 1.175 1.087 0.794 0.692
15 3 1.00 0.632 0.534 0.534 0.305 0.275 0.628 0.537 0.311 0.297
20 4 1.00 0.392 0.300 0.300 0.169 0.146 0.393 0.299 0.163 0.132
25 5 1.00 0.268 0.175 0.175 0.106 0.087 0.270 0.175 0.099 0.078
10 2 0.75 1.431 1.335 1.335 0.692 0.645 1.463 1.270 0.744 0.654
15 3 0.75 0.896 0.802 0.802 0.306 0.276 0.901 0.763 0.305 0.270
20 4 0.75 0.631 0.531 0.531 0.169 0.145 0.627 0.552 0.160 0.141
25 5 0.75 0.485 0.386 0.386 0.106 0.089 0.506 0.401 0.100 0.083

a: These variance estimates are obtained from simulation.
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Table 4.3
Relative efficiencies of estimators and coverage probabilities of a 95% confidence interval of population mean.
Data sets are generated from discrete shifted exponential population with scale o = 1 and shift parameter 10

Relative Efficiencies, R(X,) = Var(X,)/Var (i,) Coverage probabilities

n H p | R(X) R(X) R(&) R(#) R(#) R(u) R(&) |C*(&) C(&) C°(4) C"(i,)
10 2 1.00 1770 1663 1495 1394 1193 1297 1103 | 0.838 0.833 0.894  0.950
15 3 1.00 2472 2239 1757 1538 1222 1446 1027 | 0855 0.842 0905 0931
20 4 1.00 3.839 3.349 2.353 1.889 1.406 1.879 1.212 0.871 0.884 0.915 0.931
25 5 1.00 4639 3892 2503 1792 1235 1.958 1182 | 0.865 0.881 0916  0.915
10 2 0.75 1.900 1.690 1.941 1.690 1.667 1.520 1.128 0.839 0.857 0.898 0.949
15 3 0.75 2.708 2.440 2.626 2.233 2.132 1.815 1.117 0.859 0.870 0.914 0.947
20 4 0.75 3484 2996 3059 2704 2430 2103 1104 | 0.869 0871 0922  0.938
25 5 0.75 4758 4127 4156 3298 3106 2402 1245 | 0.866  0.877 0913  0.932

a: Coverage probabilities are computed from bootstrap percentile confidence interval.

b: Coverage probabilities are computed from i, £t o,:6, , r=0,1.

Table 4.4

Variance estimate of the estimators. Data sets are generated from discrete shifted exponential population with
scale o =1 and shift parameter 10

Estimates from equations (2.5), (2.6), (2.8), (3.2) Estimates from simulation
n H P 7} o} G} a2 a2 Va(im) Va(i,) Va(g) V(i)
10 2 1.00 0.077 0.069 0.069 0.046 0.042 0.075 0.070 0.055 0.050
15 3 1.00 0.042 0.036 0.036 0.022 0.020 0.042 0.037 0.025 0.024
20 4 1.00 0.027 0.022 0.022 0.013 0.012 0.027 0.022 0.014 0.012
25 5 1.00 0.019 0.014 0.014 0.009 0.007 0.019 0.014 0.009 0.008
10 2 0.75 0.089 0.083 0.083 0.046 0.043 0.090 0.078 0.052 0.046
15 3 0.75 0.055 0.051 0.051 0.022 0.020 0.057 0.048 0.024 0.022
20 4 0.75 0.039 0.033 0.033 0.013 0.011 0.039 0.034 0.014 0.013
25 5 0.75 0.031 0.025 0.025 0.009 0.008 0.032 0.025 0.009 0.008

a: These variance estimates are obtained from simulation.

5 Example

In this section we apply the proposed estimators to estimate corn production in Ohio based on 2012
United States Department of Agriculture (USDA) census. The population consists of N =87 counties in
Ohio (One of the county is excluded from the population since census data did not have any entry for it).
Variable of interest is the total corn production (X) in bushels. We use 2007 USDA census corn production
(Y) as an auxiliary variable. Mean and standard deviation of corn production in 2012 are x, =5,021,061
and o, = 3,983,560 bushels, respectively. The correlation coefficient between X and Y is 0.963. Using
this population, we performed another simulation study to estimate the corn production and constructed
confidence intervals for the population mean. Samples are generated for sample and set size combinations
(n,H)=(10,2),(15,3),(20,4). Simulation and bootstrap replications sizes are taken to be 3,000 and 200,
respectively. Rao-Blackwellized estimators are computed based on 50 replications.

Relative efficiencies of the estimators with respect to j, and coverage probabilities of the confidence
intervals are given in Table 5.1. Table 5.1 indicates that Rao-Blackwellized design-2 estimators outperforms
all the other estimators we considered. Coverage probabilities appear to be slightly smaller than the nominal
level 0.95.
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Table 5.1

Relative efficiencies of estimators and coverage probabilities of a 95% confidence interval of population mean.
The population is 87 Ohio counties. Variable of interest is corn production (X) in 2012. Auxiliary variable is
corn production (Y) in 2007, x, = 5,021,061, o, = 3,983,560, cor(X,Y)=0.963 and N =87

Relative Efficiencies, R(X,) = Var(X,)/Var(i,) Coverage probabilities
n H R(X,) R(X,) R(&) R(&) R() R() R(&) |C(a4) C (&) C(4) C"(&)
10 2 2.301 1.981 1.829 1.448 1.468 1.280 1.181 0.883 0.896 0.924 0.925
15 3 3.745 3.188 2.353 1.612 1.994 1.454 1.200 0.907 0.919 0.940 0.907
20 4 5.707 4.402 2.901 1.624 2.476 1.143 1.341 0.920 0.920 0.946 0.873

: Coverage probabilities are computed from bootstrap percentile confidence interval.
: Coverage probabilities are computed from z, £t 6., r=0,2.

ay

T Q@

n-1,0.975

Table 5.2 presents the estimates of the standard deviation of the estimators of population mean from
simulations and from analytic expression in equation (2.5), (2.6), (2.8), (3.2). It is again clear that estimates
of the standard errors are reasonably close to the estimates from simulations. The standard deviation
estimates of the estimators of the population total are obtained by multiplying the entries in Table 5.2 with
the population size N =87.

Table 5.2

Estimates of the standard deviation of the estimators from 2012 USDA census. The population is 87 Ohio
counties. Variable of interest is corn production (X) in 2012. Auxiliary variable is corn production (Y) in 2007,
4, =5,021,061, o, =3,983,560, cor(X,Y)=0.963 and N =87

Estimates from equations (2.5), (2.6), (2.8), (3.2) Estimates from simulation
n H % %, &ilz 9% % \/Va (i‘o) \/V ¢ (i’z) \/Va (ﬁo) \/V ¢ (ﬁz)
10 2 1,108,818.7 1,027,289.0 1,027,717.4 883,847.8 833,711.4 | 1,156,300.5 1,028,629.9 929,090.9 854,940.3
15 3 815,371.3 687,605.0 689,118.9 602,682.4 545,000.2 810,156.1 670,521.9 578,608.4 528,146.5
20 4 652,734.4 472,231.5 477,888.6 454,368.3  392,990.3 638,755.1 478,007.6 434,365.0 375,040.7

a: These variance estimates are obtained from simulation.

6 Concluding remark

We have developed two sampling designs for judgment post stratified samples in a finite population
setting. The designs are constructed with two levels of without-replacement policies, design-0 and design-2.
Design-0 is constructed by replacing all measured and unmeasured units in a set back in population before
selecting the next units. Design-2 is constructed by using without-replacement policy on all units regardless
of the measurement status. Hence, random variables in design-0 are independent, but random variables in
design-2 are negatively correlated. In these designs, measured observations are ranked and stratified into
H judgment classes after a simple random sample is collected. Using this ranking information, we construct
unbiased estimators for the population mean and the variance of these unbiased estimators of population
mean. We showed that the new estimators based on level-2 design outperform simple random sample mean,
design-0 JPS sample mean and ranked set sample mean estimators. Main focus of this paper was on the
estimation of populations mean, but the results also apply to estimation of population total with a minor
adjustment in notation.

Post stratification creates random ranks and random number of observations in judgment classes. By
conditioning on the measured values in the sample, we construct Rao-Blackwellized estimators by
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computing the conditional expected value of the estimators over all possible values of random ranks. Rao-
Blackwellized estimators are unbiased and more efficient than unconditional estimators. We construct finite
sample bootstrap inference for the population mean based on all proposed estimators. The new sampling
designs and estimator are applied to 2012 USDA census data to show that they are viable sampling designs
and estimators in survey sampling studies.

In one of our current projects, we extend these design-0 and design-2 to two-stage sampling where
primary and secondary sampling units constitute two finite populations. In this case, we expect that some
interesting optimization problem will arise related the selection of sample sizes and design-0 and design-2
in stage | and Il sampling.

Appendix

Proof of Lemma 1: The proof of part (i) is given in Presnell and Bohn (1999) in an infinite population
setting. The proof is essentially the same in finite population setting.

For the proof of part (i), we consider the joint probability mass function of X, and X, given their
judgmentranks R, =h and R, =h’

P(X, =xX, = y[R, =hR =h)=P(Xy =X Xy, = y): X# V.(%,y) e P.

For h=1,...,H, let J, =i be the event that i"" order statistic in a set of size H is judged to be the h"
judgment order statistics. Using this notation, we write

H
P(Xpy =% Xy, = Y) = ;;P(X(i) =X Xy =¥, d, =03, =k) x=y,(x,y)eP. (Al)
For each i, the events {J, =i}; h=1,...,H, partition the sample space of random variable R; because
the i order statistic is assigned to one and only one judgment rank. Since rank R, is obtained independently
from another disjoint set using the same ranking procedure, the events {Jh, = k}; h'=1,...,H, also
partition the sample space. Hence, we write

H H

YYP(Xy =X X =Y., =00, =)= P(X =%, X = Y); x#= V(% y)eP. (A2

h=1h'=1

Combining equations (A.1) and (A.2), we obtain

H H H H H H
;;P(X[hl =X, Xy = Y) = ;E;;P(Xm =X, Xy =¥ I, =i,3, =k)
H H
=YY P(X =% Xy =Y)i X2 V.(X,y) e P,
i=1 k=1

This completes the proof.

Proof of Theorem 1:

(i) We use the conditional expectation to write
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JZEXI h)|R, =h)= ZE(n J

Random variables I, /d ; h=1,...,H, are identically distributed. By using part (i) in Lemma 3, the above
expectation can be written

. n 1 H 1 H
=)= EEd_llex[m = 2 :Fzﬂh) =ur=0,2

which completes the proof. The last two equalities in the above equation follows from part (i) of Lemma 1.

(i) For the the proof of Var(/,), we use conditional variance
Var(a,) = E{Var(a, |R)} + Var{E (4, |R)}.

Since X are selected with replacement, they are all independent. Hence, the first term in the above equation
yields

N _~ e[ 1M,
E{Var(/%'R)}_hZ:lE[dgMﬁ)o-[h] {dzl\/l JZ%

We now consider

L I 1 [
Var{E (i, |R)} = ZVar[d—“j Hiy + 2.2, Cov[d—“,d—hj iy

H I H H
= Vaf{—ljZﬂﬁ] + COV{_l' : JZZ iy Hpe
dn h=1 dn dn h=1h'#h
H I \& 2
= Var| -~ _
H_1 (dnJhZ:;‘(u[h] u)

which completes the proof of Var (/). The last equality is obtained by using part (iv) of Lemma 3.

For the proof of Var(/,), we again consider the conditional variance of £, given the ranks
Var(4,) = E(Var(g, |R))+ Var (E(4, |R)).

The second term in the right hand side of the above equation can be written

Var(E(4, |R)) = Var(zh“ “E;]th

h=1

h=1 dn h=1h'zh n n
Il H Il ) H H
= Var (d—j Dty +Cov [d—d—jZZ Hrn M
= n O, ) hathzh

)/(H —1) in part (iv) of Lemma 3. Using this equality in the

n

Note that Cov(l,/d ,1,/d ) =-Var(l,/d
above equation, we obtain

Var (E (i, |R)) =

- Var[ ji(,u[h ). (A.3)

h=1
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We now consider Var (i, |R)

!
Var (i, |R) =Var{Z;d 2 X (R, = h)|R}

h=1 Yp Wiy j=1
> M,ci +M M. M,
= o5, + O
;dﬁMﬁ( h™"[h] h( [hh]) ;%dzM |\/| [h.h]
H |2 H |2(|\/|
= h 52 4+ h—
hZ;_dﬁMh [h] hZ:]; dﬁMh [hh Zh:[g:‘] [hh
It is clear that I, /(d,M,) and I,1,./d2, h=1,..,H, are identically distributed. Using the equalities
below
E (I\/ll_l)ll2 :E i _E IZI.2
diM, d; diM,
£ L,y _ 1 i—E 12
d? H-1{H d2
we write

TH- 1(%_ (”Dhi,ghahh
<l 2 el a2
e e

We now show that ZLZL%M =H20?/(N —1). Using part (ii) of Lemma 1, we first observe that

SO E(XXp) = 2D E (X X))

h=1h'=1 h=1h'=1
SRR THHWIBN
i=1i<j h=1h'=1

=23 T xx. i]TﬁhJ(Jim%FMJhJ
J—l—h—lJ(N—J—H+/i+hj

Xi( h'-1 H-h'

— N-H
H

i=1 j>i h=1 A=

o
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In the last sum of the above equation, we let y = h'—1. After some simplification, we write

53 e(x, >-zzzx,xji'g[ 1

h=1h'=1 i=li<j h=1 1=0 (Nj N-H

H
Z XX i [:]__3 (:H_I ; 1j '

Let z=h—1. The above expression reduces to

h=1h'=1 i=1 j=i z=0

H )

N(N 1);JZ¢;"ZN(N 1){(2 J Z }

Using the above equation, we conclude that

Zzo_[h,h’]

h=1h'=1 h=1h'=1 h=1h'=1

i—1\(N-i-1
RITEMI BT HATHY (NENJ[S(LZ%
H-1

I |
=z g
=zl T M
I A 1
= ;;2
M= X
2
5 |
|
M-
25 m
—_
| X
Z|T m
7\ —~><
M= 2
X<
_;/N

By inserting the above expression in equation (A.4), we write
R H2o2 1 |2
E{Var(,)|R} = Z — | ——E| %
d2|\/|l ~ 7 (H 1) (N -1) | H dz

H 12 12 1 H
+ 2 -E 2 - ZG[M].
H-1 \d3 dzM, H(H-1) =

We complete the proof by combining equations (A.3) and (A.6)

H_ Var( /d )Z('u[h ﬂ)2+E[d§M
H2o? 1 12
- - - _E|lX
CETeE )

LA 1) g 1 1 i
— |~ (of .
H-1 (d? d2M, ) (H-)H & ™"

Var(i,) =
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Proof of Corollary 1: Proofs of (i) and (ii) are trivial. For the proof of (iii), we rewrite lim,.,..nc? as

1 H
limno?, =—(Za Zo-hh]j
h=1

n—oo h=1

Using the equality (A.5), we write

1¢ NH & n(N 1) H
_ﬁégh,h_fo-z z_Nthzo-hh] hZ;hZ:l [hh']
- N(n—H)—n n(N-1) &
= 2% e NH? hZ;hZ% )
n(N 1)
T NH? hzl‘hz‘; iy <0

where ~ is used to indicate approximate equality since we replace limit f with its finite value for some
n. This inequality yields that

limno? <—Za[h = var (v ni,)

n—o

which completes the proof.

Proof of Theorem 2: We first look at the expected value of T, and T, under design-0 and design-2. Using
conditional expectation, the expected value of T, reduces to

i [IIMM

E(T) = E(I ) jZZ YRYRE ]E(X[m‘x[h'])z

h=1h=h

dZ

H H
2(H -1 o2 +2HY (u, — u) for design-0
h=1 h=1

H H H H
2(H-1Y o2 +2HY (4, —,u)2 -2)"> oy, for design-2.
h=1 h=1

h=1h'#h
In a similar fashion, one can show that

_&_(HEM, (M, -1)
) ZE( M: (I\;Ih —;)d: ]ZE{(XM — ttyy) ~ (g = X )}

h=1

1) &
ZHE[dl*)ZO'ﬁ] for design-0

h=1

I <
2HE [d—lj {aﬁﬂ - Zo_[h,h]} for design-2.
h

n

Since I;/dx, h=1,...,H, are identically distributed, we have E(I;/d;)=1/H. It follows that
E(T,) = Zh Ners for de5|gn -0and E(T,)=2>" [OR = 2>s oy, for design-2.
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For the proof of &2 we first observe that E(T,)+E(T,)=2H?2c? for design-0 and E(T,)+
E(T,) = 2NH?02/(N —1) for design-2. The proofs then follows from these equalities.

We complete the proof of the unbiasedness of 62 and 62 and &2 by inserting E(T,) and E(T,) in
equations (2.5), (2.6) and (2.7).

The proofs for RSS estimators are similar. Hence, they are omitted.
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Adaptive rectangular sampling: An easy, incomplete,
neighbourhood-free adaptive cluster sampling design

Bardia Panahbehagh!

Abstract

This paper introduces an incomplete adaptive cluster sampling design that is easy to implement, controls the
sample size well, and does not need to follow the neighbourhood. In this design, an initial sample is first selected,
using one of the conventional designs. If a cell satisfies a prespecified condition, a specified radius around the
cell is sampled completely. The population mean is estimated using the - estimator. If all the inclusion
probabilities are known, then an unbiased - estimator is available; if, depending on the situation, the inclusion
probabilities are not known for some of the final sample units, then they are estimated. To estimate the inclusion
probabilities, a biased estimator is constructed. However, the simulations show that if the sample size is large
enough, the error of the inclusion probabilities is negligible, and the relative z- estimator is almost unbiased.
This design rivals adaptive cluster sampling because it controls the final sample size and is easy to manage. It
rivals adaptive two-stage sequential sampling because it considers the cluster form of the population and reduces
the cost of moving across the area. Using real data on a bird population and simulations, the paper compares the
design with adaptive two-stage sequential sampling. The simulations show that the design has significant
efficiency in comparison with its rival.

Key Words:  Adaptive cluster sampling; Adaptive two-stage sequential sampling; Primary and secondary sampling units;
Inclusion probability.

1 Introduction

Adaptive cluster sampling (ACS) is an efficient design for rare and clustered populations (Thompson
1990; Thompson and Seber 1996). ACS was introduced for quadrat-based sampling, where the study area
is usually partitioned into non-overlapping quadrats for sample selection. Depending on the situation, these
are called “cells” or “secondary sampling units” (SSUs). In the first phase of the design, an initial sample is
selected using one of the conventional designs, usually simple random sampling without replacement
(SRSWOR). The term *“conventional designs” (Thompson and Seber 1996) refers to designs in which the
procedure for selecting the sample does not depend on any observation of the main variable, such as
SRSWOR, stratified sampling and systematic sampling. If a rare event (a cell whose value is at least as large
as the prespecified condition C) is found after the initial sample is obtained, then sampling continues in the
neighbourhood of that location with the hope of observing more rare events. The process of searching the
neighbourhood is continued until no more rare events are found. This design has been shown to be useful
for estimating the parameters of highly clustered and rare populations (Smith, Brown and Lo 2004).
However, ACS has some disadvantages, including the following two:

e The final sample size is random and uncontrollable.

e Neighbourhoods must be defined and followed. Following neighbourhoods in ACS means
searching unit by unit and level by level around the initial rare events to find all the rare events

1. Bardia Panahbehagh, Department of Mathematics, Faculty of Mathematics and Computer Science, Kharazmi University, Tehran, Iran.
E-mail: panahbehagh@khu.ac.ir.
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that are around them in different directions. The shape of the environment and the cluster may
lead to confusion for the sampler.

To overcome the first problem, many designs, such as two-stage ACS and incomplete or restricted ACS
(IACS), have been introduced.

Thompson (1991) introduced stratified ACS, and Salehi and Seber (1997) developed two-stage ACS.
Two-stage ACS is designed to select a fixed number of primary sampling units (PSUs) by SRSWOR in the
first stage, and then to select a fixed number of SSUs in each selected PSU, also by SRSWOR, in the second
stage. The condition that is to be adapted and the neighbourhood are defined in terms of secondary units
(rather than primary units). Salehi and Seber considered two schemes, depending on whether the clusters
are allowed to overlap primary-unit boundaries or not, that would later be more desirable for controlling the
final sample size. Some other related designs have also been introduced; as they are not related to the
discussion in this paper, they are not mentioned.

Salehi and Smith (2005) made an essential change to two-stage ACS, known as two-stage sequential
sampling, and Brown et al. (2008) introduced an adaptive version of two-stage sequential sampling (ATS).
In ATS, the allocation of second-stage efforts among PSUs is based on preliminary information from the
sampled PSUs. Additional survey efforts are directed to PSUs where the SSUs in the initial sample meet a
prespecified criterion, or condition C (e.g., an individual from the rare population is present). More
precisely, d times the number of units that satisfy condition C in the initial sample in a PSU is dedicated
to the respective PSU as an additional sample using SRSWOR. Therefore, ATS could almost overcome the
two problems, since, in this design, the final sample size is limited, and there is no need to define and follow
the neighbourhood. But, ATS does not directly employ clustering of the population. This means that in ATS,
the additional sample is a random sample of the whole respective PSU-ATS depends on the size, shape and
location of the PSUs. Other developments in ATS are not essential (in other words, they have not changed
the special aspects of ATS), so there is no need to mention them here.

IACS, Brown and Manly (1998) suggested a restricted version of ACS to control final sample size. They
put a limit on the final sample size prior to sampling by selecting the initial sample sequentially. Chao and
Thompson (1999) and Su and Quinn (2003) imposed a restriction on the number of neighbourhood levels
beyond each unit that satisfies the condition in the initial fixed-size sample. All the neighbours of the units
that satisfy the condition in the initial sample are in the first neighbourhood level. In turn, all the neighbours
that are to be added based on the units in the first neighbourhood level are considered to be in the second
neighbourhood level, and so on. In brief, a cluster, as defined in conventional ACS, is allowed in IACS to
be truncated at a predetermined distance from the unit in the initial sample that intersects it. These authors
introduced a biased estimator for the population mean.

Interestingly, Yang (2011) and Yang et al. (2011) introduced an adaptive plot design to overcome
disadvantages of ACS in practice, and to use and define the neighbourhood, especially in tree-sampling
surveys. They aimed to improve the practicability of ACS while maintaining some of its major
characteristics. According to Yang et al. (2011), “the plot design is based on a conditional plot expansion:
a larger plot (by a pre-defined plot size factor) is installed at a sample point instead of the smaller initial plot
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if a pre-defined condition is fulfilled.” Their target population was a tree population, and their aim was to
estimate its density (the number of objects per hectare). Their design was not planned for quadrat-based
sampling. In addition, they assumed that they could survey an additional area (after they finished sampling)
to calculate the inclusion probability of the required tree, but this would be impossible or costly in other
surveys.

Chao and Thompson (1999) introduced IACS for the first time. This design enables ACS to function
without measuring all members of a cluster. They introduced the design in graph-theory form. Because it
uses neighbourhoods like ACS, the design is complicated to manage, and the calculation of inclusion
probabilities is also complicated.

In this paper, a manageable version of ACS, which has positive aspects of the designs discussed above,
is proposed. Adaptive rectangular sampling (ARS) is a practical, efficient and easy-to-calculate adaptive
design that is able to find rare events, does not need to follow the neighbourhood and controls the final
sample size well.

ARS is introduced in Section 2 of the paper. Section 3 contains a real case study and some simulations,
and Section 4 concludes the paper and provides a complete discussion of the advantages and disadvantages
of the design.

2 Adaptive rectangular sampling

Suppose a total population of N units partitioned into M primary sampling units (PSUs), each
containing N, secondary sampling units (SSUs). Let {(h, j),h=1,2,...,M;j=1,2,...,N,} denote the
J™ unitinthe h™ primary unit, with the associated measurement or count y,.. Then, 7, = Zi"l y, Isthe
total of the y values for the h™ PSU, and x =1/N Z:':lrh is the population mean.

Adaptive rectangular sampling (ARS) can be performed in a two-stage procedure. The first stage of the
ARS design consists of selecting a conventional random sample, s, of size m, with M PSUs.

The first phase of the second stage consists of selecting an initial conventional sample, s
inthe h" PSU, where hes,.

In the second phase, all the SSUs around those in s, that satisfy condition C with the radius R are
adaptively added, where Re{1,2,...,M,} and M, is the maximum diameter of each PSU. Here, the
definition of radius is different from the conventional definition. “Radius,” for a cell, is defined based on all
cells around it. For example, R =1 refers to the first-level nearest neighbourhood, which consists of the
eight SSUs around the cell, and R = 2 refers to the nearest and the second-nearest neighbourhoods, which
consist of all 24 SSUs around the cell (8 SSUs for R =1, plus 16 SSUs added for R = 2). Ifthecell isin a
corner or close to a border of the PSU, these numbers are reduced (see Figure 2.1). Therefore, in the ht"
PSU, there is an additional sample, s, , of random size n,,. Now, the final sample is s, =s, Us,,, of
random size n, =n, +n,,, inside the h™ PSU. This procedure can be performed under either an
overlapping scheme and a non-overlapping scheme.

. Of size n,
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An estimator for the population mean

The 7z- estimator (the Horvitz—Thompson estimator) is an estimator for the population mean that requires
inclusion probabilities for all sampled units. If all the inclusion probabilities are available, the following are
used to estimate the population mean:

§l|:_)

where 7, is the inclusion probability of the h™ PSU, and
~ yhj
£ =520
" jesy, 7hj

where 7, is the inclusion probability of the SSU (h,j). To use the 7z- estimator, m,; must be calculated
forall {(h, j);hes, jes,}.

In addition, the variance of the estimator is

Vr() = - 3 BB |y, S YB)

h=1h'=1 h=1 7y

where 7,,, is the joint inclusion probability of the ht and h'®" PSUs. An unbiased estimator for the above
is

hesyh’es, 7Z'hﬂ'h ﬂ-hh’ hes, ﬂ.h

Var () = _{Z 3 [ - T, 7T, J 77, £y Var (fh)]’

where Var (7,) is

Var(z)= Y ¥ [”” - ]ym -
hj

jesy, i'esn -7Z' 7Z'hJJ
where 7., is the joint inclusion probability of (h, j) and (h, j') inthe h" PSU.
It is easy to calculate the inclusion probabilities for the first stage, especially when simple random
sampling without replacement (SRSWOR) is used. In this situation, it is easy to see that
m m(m-1)

7, v o :m; h=h', =,

- ﬂh.
To calculate 7,,, it is necessary to know how many of the cells around cell (h, j) within radius R satisfy
condition C, because selecting them as the initial sample leads to selecting the cells around them as the
final sample. It is necessary to introduce some new notations. In ARS, with the radius R, B, represents
the event of unit (h, j) being selected as the final sample, and A,; represents the event of unit (h, )
satisfying condition C and being selected as the initial sample. In addition, s ; represents all the units that

satisfy condition C and that would be adaptively added to the sample if A occurs, including unit (h,j),
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with the size f .. Thesize f ispartitionedas f, = f + f ., where the former indicates the number of
cellsin s,; that are available in the final sample (s, ) and the latter is defined as f,;, = f,, — f,.,. However,
no information about its units is available. F_ is defined like f_, but for all units (those satisfying condition
C and those not satisfying condition C).

f
The sample s,;, with the size f;, contains all the cells that lead to the selection of unit (h, j), and s,

with the size f, ., contains all the cells that lead to the selection of at least one of (h, j) and (h, ') as the
final sample.

In addition, let f . bethesizeof s, =5, Us,, and f and F, be defined the same.

hii1 hij2?

Theorem 1: In ARS, with the radius R, for the ht" PSU and using SRSWOR to select the initial sample

of size n,,,
oY RS 2.1)

n n n
AL T WL LI (Nl:J + [Nl:J . (22)
Irllh n1h

e
I’llh

For the proof of the theorem, see the Appendix.

Here, only one problem arises: f,is known only in the initial sample that satisfies the condition.
However, other samples (those that are adaptively added) have partial information about f (i.e., f,).
Let Bin(n, p) stand for a binomial distribution based on the independent Bernoulli variable n with
parameter p. To estimate f,, f ., represents the number of successes (the number of units that satisfy
condition C) in F, trials (by searching F,, units); the independency and identicality (iid) of the trials
are assumed. The latter assumption (iid) is for simplifying the calculations. This, of course, leads to bias in
estimating some of the inclusion probabilities and, so, to bias for the respective z- estimator. With all the

above assumptions, thz would be considered a random variable with a binomial distribution, as follows:

fio ~ Bin(F,. p,).

where p,. is the probability of satisfying condition C for all cells in the h™ PSU around the j* cell with
the radius R. Then,

E(fhj) = f.+ E(fhjz) = fo + PyFyse
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Calculating 7, leads to two situations:

o If the cell satisfies condition C and belongs to the initial sample, or is adaptively added and is
located in a place in the final sample that contains complete information about the area around it,
then it is possible to calculate the inclusion probability precisely from the information in the final
sample.

o If the final sample does not contain enough information to calculate the inclusion probability, two
strategies are proposed:

O There is partial information about f,, this means that everything is known about
F,., andonly F . needs to be investigated. For F_,, only knowledge about how
many of the cells satisfy the condition is required; there is no need for exact
knowledge about y. For example, if condition C is defined as y > 0, it is necessary
to know only how many cells of F, are nonempty. If this is easy to investigate, the

exact inclusion probabilities for all of the units in the sample can be calculated.
0 Itisnot possible to calculate the inclusion probabilities, 7, can be estimated as (see

equation 2.1)
[Nh_E(fhj)J [Nh_(fhjl+pthhj2)]
~ n n
7 :1(N—1:J=1 [Nl:J . (2.3)
Ny Ny,

Using p,;, or, in other words, assuming different probabilities for different cells, leads to tedious
calculations. Estimating p,; can be done based on the spatial pattern of the population. For example, in the
case of clustered populations, it may be reasonable to assume two kinds of p,, one for units in the sample
satisfying condition C and one for units not satisfying condition C, so that greater probability is provided
for the units satisfying condition C. A wide class of spatial patterns can be assumed in estimating p,, but,
here, to have a simple and understandable strategy, p,; = p, is assumed for all units in the h* PSU.
Therefore, p, is the probability of satisfying condition C for units in the h'" PSU. It may be possible to
guess p, from previous information or to estimate it without bias from the initial sample as the portion of
the units in the initial sample in the h™ PSU that satisfy condition C.

Estimating p, based on the initial sample is a common procedure in adaptive designs (for example, see
Brown et al. [2008]). For rare populations, such estimations might be imprecise. Practically, however, this
is not a serious problem in ARS, because, for initial-sample units that satisfy the condition, it is possible to
calculate inclusion probabilities without error (p, is not required). Furthermore, p, is not required in
adaptively added units with y = 0. For some adaptively added units with y >0, p, has an insignificant
role in calculating inclusion probabilities. The example in the next subsection and the simulation results in
Section 3 confirm such assertions.

For = (asfor x,;), if, depending on the final sample, there is enough information to calculate f,,
f,; and f ., then itis enough to use equation 2.2. If there is partial information about f,_., then
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fuz ~ Bin(Fys. py),
and then
E ( fhjj') = fy tE ( fhjj'Z) = fpn T PuFigia-

And, it is enough to replace the respective “f ”s with “E(f,)”s in equation 2.2. Without the assumption
of p, =p,, P, should perhaps be used instead of p, for estimating f ... This would make the
calculations more difficult. A reduction in precision (assuming constant p, for all the units in the h*" PSU)
allows such a simple sampling strategy to be presented.

Discussing an example can help clarify all of the above formulas and calculations.

Discussion of an example

For this example, see the top-left PSU in the right plot in Figure 2.1, where N =112, N, =28, h=1
and n;, = 2. Assume that it is necessary to calculate 7, for two units in Figure 2.1, with R = 1. First, for
the initial sample with y =6, it is easy to see that F, =6, that it has five cells around it plus itself, and
that five of them satisfy the condition (fhj = 5). This information is available at the end of the sampling in

the final sample. Therefore,
[28 - SJ
T_.=1- \2 ) ~ 0.33.

y=e 28

( 2 ]
For an adaptively added sample, like y =248, as discussed earlier, there is partial information (see
Figure 2.2). Here, F,, = 9 (the blue cells in part B) and F,, =6 (the orange cells in part C). From the final
sample, f,;, =5 is also known (the positive response in the orange cells in part C). In addition, F;, =3

(the blue cells in part C), but f, is not known. To estimate it, p, would be estimated from the initial
sampleas p, =1/2 = 0.5 (see the green cells in the first PSU in Figure 2.1), then

[28—(5+o.5x3)
=1

2 ]:0.42.

y=248 — — 28

But, according to the population, the following can be calculated:

)

/4 =1-———+2%~0.44,

y=248 28

A

T

which is very close to the estimation.
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120 120
25 5 25 5
15| 248 6 15| 248 BI
4 10 1 llll
4 4
10 22 2I]1| 10 22 20
5 2 T EI 5 2 7 5]

Figure2.1 N =112, N, =28, M =4, m=4 and n, = 2. The green SSUs are the initial sample, and the
yellow cells are the adaptively added sample. The right plot indicates non-overlapping ARS with
R =1, and the left plot indicates R = 2, where condition C is defined as y > 0. Numbers show
respective y values for the cells.

Part A Part B Part C
120 120 120
25 5 25 5 25 5
15| 248 6 15| 248 6 15| 248 6
4 W 4 w0 4 10

Figure 2.2 Inclusion probability for y = 248. Part A indicates a part of the final sample. Part B (the blue cells)
indicates the cells that must be known for the inclusion probability of y=248. In part C, the
orange cells are those that must be known and for which information is available, and the blue cells
are those that must be known but for which no information is available.

Now, assume that the goal is to calculate a joint probability, = _, ... (see Figure 2.3). Here, according
to equation 2.2, f =5 (partB), f, =3+ f,,, F,, =5 (the blue cellsinpartC), f . =5+f ., and
F,. =5 (part D), and E(f,.,) =5x0.5=2.5. From the information in the sample,

hjj'2

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2016 271

(28—5] [28—(3+0.5x5)J (28—(5+0.5><5)]

A 2 2 2

Tygyes = 1— o8y 28 + 28 ~0.22.
I R

With complete information about the population,

LGIGG.
GGG

which shows no error to two decimal places. By writing a code for “f s and “F.”s, the z- estimator can

T

be calculated easily.

Part A Part B Part C Part D
120 120 120 120
25| % 5 25 5 25 5 25 5
15| 248 % g 15| 248 ] 15| 248 B 15( 248 GI
4 10 4 10 4 10 4 10

Figure 2.3 Joint inclusion probability for y =6 and y' =5. Coloured cells indicate the information that is
required; orange cells indicate available information and blue cells indicate the information that
needs to be estimated from the final sample.

3 A real case study and simulations

In this section, adaptive rectangular sampling (ARS) is evaluated and compared with adaptive two-stage
sequential sampling (ATS) and two-stage simple random sampling without replacement (TSS). Here, ARS
is not compared with adaptive cluster sampling (ACS) for two reasons: first, Salehi and Smith (2005)
compared ATS with two-stage ACS, and, second, it is not fair to compare ARS with ACS or even incomplete
ACS because ACS needs to define, use and follow the neighbourhood, while ARS does not.

If ATS is a design free of neighbourhood, then ARS satisfies this condition too, because, if a sampler
can recognize the border of the cells, or, in other words, can distinguish secondary sampling units (SSUs),
the sampler can also recognize an SSU with its radius area. In addition, the area to be surveyed may be
specified before samples are taken. Based on a map of the area, it is possible to use SRSWOR for the SSUs
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and the area around them if the SSUs satisfy the condition. Because the sampler need not return to the area
to take the second phase of the sample (according to the ATS process), ARS seems to be easier and less
costly than ATS. For a better comparison, the cost factor should be taken into consideration.

The comparison is done using two kinds of data: a real case study and simulation cases.

Here, efficiency is defined as

MSE (YtSS)

#fr()= MSE(.)

where ¥, is the conventional mean estimator in TSS, MSE stands for mean square error and *.” stands for
one of the following:

e [,..: Murthy’s estimator in ATS, which is unbiased, and which will be referred to as “ATS”.
This estimator, for the mean of the ht" primary sampling unit (PSU), would be presented as

/}ATS = alyhc + (1 - ql) th" (3-1)

where @, is the proportion of the units that satisfy condition C in the initial sample, and y,  and
Y, are the means of the final-sample units satisfying condition C and not satisfying condition
C, respectively, inthe ht PSU. In this estimator, the first portion of the unit satisfying condition
C is estimated from the initial sample, and the respective value is adapted to the mean of the
sample satisfying condition C to construct the estimator.

® [, the z-estimator in ARS, which is unbiased.

L gs » - the z-estimator in ARS, with 7 estimated from the final sample using equation 2.3. It

is not unbiased, and its relative bias is defined as Rbias. Zuss » = | (4, = fags ;) /14, |

From now on, the acronym “ARS” refers to both /,.. and .. ..
Furthermore, two formulas are used for the error in estimating inclusion probabilities in /z,.. . :

® [, . this shows the mean of the difference between real inclusion probabilities and the
respective estimation (i.e., the mean of e, = 7, — ﬁhj for all the sample units)

Hyp e - this shows the mean of the absolute difference between real inclusion probabilities and
the respective estimation (i.e., the mean of | e, | = |, — £, | for all the sample units).

A non-overlapping scheme is used in this section.

A real case study on a blue-winged teal population

Smith, Conroy and Brakhage (1995) used a population of blue-winged teal to evaluate ACS. The
population comes from comprehensive counts, which were made from helicopters from December 13 to 15,
1992, in central Florida. The blue-winged teal population is extremely clustered, with a total of N =200
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units (Figure 3.1). A simulation study found ACS to be efficient for this population, in the sense that the
variance of the estimator is smaller than in simple random sampling (Smith, Conroy and Brakhage 1995).

The population was partitioned into M =8,4,2 PSUs. ARS, ATS and TSS were performed in the
population with different values for m, n,, R and d (a multiple in ATS that indicates the size of the
additional sample in the second phase for units satisfying condition C), with 25,000 simulations for each
combination of values. For a fair comparison, d was chosen in such a way that the expected final sample
sizes for ATS and ARS were almost the same. For TSS, the sample size in each simulation was the same as
that for ARS. The expected sample sizes were calculated using Monte Carlo simulations. It is notable that
in ARS, if two or more adaptively added samples overlapped, the overlap was measured once. Practically,
if there is overlap in the sample, the relevant cells must be sampled and measured only once.

Results are presented in Tables 3.1 and 3.2. For information about the MSEs of the estimators,
MSE (Y, ) is presented in the results. With this MSE and the efficiency of the estimators, the MSEs of the
other estimators are easy to calculate. The results are noteworthy: ARS was better than ATS in all situations.
ARS, unlike ATS, was also always more efficient than TSS. The efficiency of ARS was sometimes seven
or eight times that of TSS, whereas this number was at most around two and a half for ATS. For more than
55% of the cases, the efficiency of ARS was greater than 2, whereas this was true of less than 5% of the
cases for ATS.

The relative bias of f,. . is acceptable for most of the cases; it may be unacceptable for a few cases
with a little sample size. For around 61% of the cases, the relative bias was less than 0.03, and, for around
92% of them, the relative bias was less than 0.07.

Efficiency improved by increasing the radius R, and a larger radius R was proper for larger PSUs. In
this population, there are two important clusters at the top of the population plot. With R = 2, selecting one
of the cells in a large PSU as the initial sample led to the selection of all of them. That is why R = 2, with
a large enough initial sample size, showed such significant efficiency.

In addition, the number of PSUs in the first stage was important, and the results indicate that more PSUs
lead to efficiency improvements. As discussed before, the efficiency of ATS depends on the size, shape and
location of the PSUs. When the population could not be partitioned into some empty and full PSUs, ATS
was not as efficient (see populations 2 and 4). But as ARS uses the cluster form of the population, it is not
as dependent on PSUs and could even perform in a population with one PSU, which would be meaningless
for ATS.

In addition, for Population 1, .., =0.025 and .., =0.002; for Population 2, m&, . =
0.023 and f, .., = 0.005; for Population3, i, ..., =0.024 and /..., = —0.004; and, for Population
4, [, 0w =0.025 and gz, . =—0.008. The mean of the inclusion probabilities for these simulations
was around 0.22. According to /.., and fi,; .., the errors in estimating the inclusion probabilities
seem to be almost negligible. This is why z,.. . was almost unbiased. The relative bias of z,.. . showed
acceptable precision for “7%J. 7S,

Statistics Canada, Catalogue No. 12-001-X



274 Panahbehagh: Adaptive rectangular sampling: An easy, incomplete, neighbourhood-free adaptive cluster sampling design

Table 3.1
Efficiency of the estimators, with N =200, C =0, M =8,4
Population 1 R m n, d E (n) Hars s Eoars s Rbias. i, ; MSE(7,,)
1 4 1 6 7 1.32 2.05 1.62 0.13 81,076
3 6 19 1.32 1.84 1.64 0.06 22,657
5 5 30 1.25 1.79 1.69 0.03 12,865
7 4 40 1.18 1.76 171 0.03 8,729
8 1 6 13 1.22 1.92 151 0.14 35,171
3 6 38 1.33 1.99 1.80 0.06 10,324
5 5 59 1.35 2.13 2.04 0.04 5,502
7 4 79 1.34 2.46 243 0.03 3,502
2 4 1 15 10 243 3.02 3.04 0.02 71,670
3 12 27 1.61 2.17 2.24 0.02 16,835
5 9 40 1.33 1.99 2.05 0.00 9,219
7 7 51 1.23 194 197 0.00 6,463
8 1 15 20 2.37 3.00 3.01 0.02 32,290
3 12 54 1.69 2.53 2.61 0.02 7,030
5 9 80 1.52 2.98 3.05 0.02 3,570
7 7 101 1.45 3.81 3.85 0.01 2,270
Population 2 R m n, d E (n) Hars s Hoars s Rbias. i, ; MSE(7,,)
1 2 4 6 13 1.06 1.90 1.58 0.11 36,208
8 5 25 0.94 181 161 0.07 15,775
10 5 30 1.03 1.82 1.66 0.05 12,434
15 5 42 1.10 181 1.72 0.03 7,852
4 4 6 26 1.00 1.92 1.60 0.11 16,911
8 5 49 0.98 2.00 1.79 0.07 7,339
10 5 60 1.00 2.05 1.89 0.06 5,475
15 4 84 1.03 2.39 231 0.03 3,180
2 2 4 12 20 1.29 251 2.52 0.00 28,341
8 11 36 1.04 2.07 2.08 0.00 11,024
10 10 42 1.03 2.02 2.02 0.01 8,521
15 8 55 1.03 1.96 1.96 0.01 5,352
4 4 12 40 1.04 2.32 2.32 0.02 11,725
8 11 71 0.99 2.34 2.35 0.00 4,507
10 10 84 1.01 2.59 2.60 0.00 3,338
15 8 111 1.04 341 3.42 0.00 1,891
Table 3.2
Efficiency of the estimators, with N =200, C =0, M =4,2
Population 3 R m n, d E(n) Hars Haps Haps Rbias. . ; MSE(V,.)
1 2 4 6 14 111 1.73 1.40 0.18 34,451
8 5 25 1.05 171 151 0.10 16,795
10 5 31 1.09 1.69 1.56 0.08 13,671
15 5 43 1.16 161 1.56 0.03 9,819
4 4 6 27 1.26 2.18 1.73 0.18 15,357
8 5 51 1.26 2.78 2.48 0.10 6,759
10 5 62 1.34 3.18 2.94 0.08 5,078
15 4 86 1.39 4.80 4.72 0.03 2,964
2 2 4 12 21 1.30 1.90 1.95 0.05 26,117
8 11 36 1.13 1.64 1.69 0.03 12,047
10 10 43 111 1.56 1.60 0.02 9,872
15 8 55 1.12 1.48 1.49 0.01 7,686
4 4 12 42 1.43 2.55 2.64 0.05 10,818
8 11 72 151 3.43 3.66 0.02 4,275
10 10 85 1.55 4.29 457 0.01 3,183
15 8 110 1.83 9.44 9.87 0.00 1,856
Population 4 R m n, d E(n) Hars Haps Haps Rbias. . ; MSE(V,.)
1 1 10 6 17 0.93 1.68 1.32 0.13 27,053
15 5 24 0.90 1.69 143 0.09 17,860
20 5 31 091 1.63 1.45 0.08 13,802
30 4 44 0.92 1.58 1.50 0.02 9,952
2 10 6 34 0.98 2.16 1.69 0.12 11,851
15 5 49 0.95 2.52 211 0.10 7,409
20 5 62 0.97 291 2.58 0.06 5,153
30 4 87 1.01 4.56 441 0.03 2,940
2 1 10 14 27 1.01 1.70 1.69 0.02 18,908
15 13 37 0.93 1.50 151 0.02 12,092
20 10 45 0.84 1.42 1.43 0.01 9,338
30 8 58 0.88 1.35 1.35 0.00 7,329
2 10 14 53 1.08 2.38 241 0.02 7,512
15 13 73 1.06 2.80 2.92 0.01 4,317
20 11 90 1.03 3.59 3.79 0.00 2,933
30 8 116 1.03 7.60 8.00 0.00 1,672
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Artificial populations

The spatial pattern was generated with an R code following the Poisson cluster process (Brown 2003).
The number of clusters was selected from a Poisson distribution, and cluster centres were randomly located
throughout the site. Individuals within the cluster were located around the cluster centre at a random
distance, following an exponential distribution, and in a random direction, following a uniform distribution.
The parameters of the code were changed to generate three different populations. With the addition of the
population in the example subsection of the paper, this subsection uses four artificial populations to evaluate
ARS (see Figure 3.2):

e Population 5: rare and not clustered,

e Population 6: not rare, but clustered,

e Population 7: not rare and not clustered,
e Population 8: rare and clustered.

Popu 1 Popu 2
R 0wl | =1 %0 | |
1 122 | 114 | 3 1 122 1114 | 3
714416339 14 71446339 14
103 |150) 6 103 |150| 6
10 10
3 s 7 7
3 3
;2— 12 gg— 12
2 2 2
4 E
5 20 5 20
3 3

2 4 6 8 10 2 4 6 8 10
XX XX
Popu 3 Popu 4
N %1 | = % 1|
1 122 (114 | 3 1 122 1114 | 3
71446330 14 71446330 14
103 | 150 [] 103 | 150 ]
10 10
2 2 2 2
3 3
§:2 4 12 ;:2 R 12
2 2 2 2
4 4
5 20 5 20
3 3

Figure 3.1 Bird populations. Numbers show the respective y values for the cells, with a mean of 70.61 and a
variance of 453,709.52. Red lines indicate the borders of the PSUs.
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Popu 5 Popu 6
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Figure 3.2 Artificial populations. Numbers show the respective y values for the cells, with 0.74, 1.76, 1.68 and
6.10 as the means, and 25.74, 35.34, 29.08 and 1,025.10 as the variances of the four populations,
respectively. Red lines indicate the borders of the PSUs.

Results are presented in Tables 3.3 and 3.4. The relative bias of /,., . Was acceptable for all cases.

Table 3.3
Efficiency of the estimators, with N =200, C =0, M =4
Population 5 R n, d E(n) Hars Hags HEars Rbias. g, ; MSE(V,.)
2 4 6 12 0.94 153 159 0.01 2.29
8 5 23 0.88 1.48 155 0.01 1.01
10 5 28 0.88 1.45 152 0.00 0.77
15 4 40 0.86 1.50 155 0.01 0.48
4 4 6 24 0.88 1.44 1.50 0.01 1.01
8 5 46 0.82 1.45 152 0.00 0.44
10 5 57 0.80 1.48 1.54 0.01 0.34
15 4 81 0.83 1.66 172 0.01 0.19
2 4 14 18 1.01 1.30 1.38 0.04 1.93
g 13 33 0.90 111 1.18 0.04 0.76
10 1 39 0.82 1.07 1.14 0.02 0.56
15 8 52 0.77 1.12 1.17 0.02 0.34
4 4 14 37 0.80 1.01 1.08 0.03 0.74
8§ 13 66 0.78 1.04 1.06 0.04 0.29
10 10 78 0.67 1.02 1.03 0.03 0.22
15 8 104 0.66 1.07 112 0.02 0.12
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Table 3.3 (continued)

Efficiency of the estimators, with N =200, C=0, M =4
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Population 6 R m n d E (n) Hars Hars Hars.i Rbias'ﬂARs.ﬁ MSE(VISS)
1 2 10 5 18 0.98 1.09 1.09 0.02 1.53
15 4 31 0.96 1.08 112 0.01 1.35
20 4 37 1.00 1.12 1.16 0.01 1.25
30 3 49 1.02 1.13 1.16 0.01 1.14
4 10 5 35 1.05 1.28 1.34 0.02 0.28
15 4 62 1.09 1.56 1.73 0.00 0.17
20 4 74 1.19 1.76 1.95 0.01 0.12
30 2 97 1.25 2.48 2.68 0.01 0.06
2 2 10 10 28 0.87 1.07 111 0.01 1.34
15 7 42 0.90 1.15 1.18 0.01 1.24
20 6 48 0.93 1.16 1.19 0.01 1.18
30 5 57 0.99 1.15 1.16 0.00 1.12
4 10 10 56 0.80 1.30 1.40 0.01 0.46
15 7 85 0.91 2.76 2.97 0.01 0.23
20 6 95 1.01 4.19 4.43 0.01 0.18
30 4 114 1.18 12.19 12.43 0.00 0.12
Table 3.4
Efficiency of the estimators, with N = 200,128, C =0, M =4
Population 7 R m n, d E(n) Hprs Haps Brrs 2 Rbias. i, MSE(Y,..)
1 2 4 6 19 0.74 0.69 0.68 0.00 1.72
8 6 34 0.84 0.76 0.75 0.02 0.84
10 5 41 0.79 0.77 0.76 0.01 0.69
15 3 56 0.73 0.85 0.84 0.01 0.50
4 4 6 38 0.72 0.70 0.70 0.02 0.68
8 5 69 0.66 0.57 0.57 0.01 0.28
10 5 83 0.72 0.68 0.69 0.00 0.21
15 4 112 0.69 0.76 0.75 0.02 0.11
2 2 4 15 33 0.76 0.68 0.70 0.02 113
8 10 55 0.57 0.62 0.64 0.00 0.54
10 9 63 0.61 0.70 0.72 0.01 0.45
15 8 79 0.63 0.81 0.82 0.02 0.36
4 4 13 66 0.54 0.51 0.51 0.01 0.36
8 10 110 0.40 0.45 0.48 0.02 0.13
10 9 126 0.38 0.47 0.49 0.01 0.09
15 8 156 0.31 0.51 0.53 0.01 0.04
Population 8 R m n, d E(n) Hprs Haps Bprs 2 Rbias. i, MSE (Y,..)
1 2 3 6 11 0.99 1.97 1.85 0.05 95.39
5 5 17 0.93 1.88 1.84 0.01 55.29
10 4 30 0.96 1.72 1.73 0.00 21.73
13 3 36 0.96 1.60 1.61 0.00 22.02
4 3 6 22 0.92 221 2.10 0.04 39.74
5 5 35 0.86 2.49 2.49 0.02 21.13
10 3 59 0.85 4.28 4.36 0.00 8.12
13 3 71 1.00 6.22 6.27 0.00 5.24
2 2 3 13 17 111 1.68 1.74 0.02 78.55
5 10 25 0.88 1.50 1.53 0.01 40.42
10 7 37 0.87 1.41 1.41 0.01 21.05
13 5 42 0.90 1.34 1.34 0.00 17.92
4 3 13 34 0.97 1.70 1.75 0.03 27.92
5 10 49 0.80 1.82 1.87 0.01 13.18
10 7 74 0.80 3.35 3.39 0.00 4.86
13 5 83 0.80 5.03 5.06 0.00 3.24

In Population 5, ATS was not efficient at all (except in one situation), but ARS performed well and was
always more efficient than both ATS and TSS. ARS was better with R =1, relative to R = 2, because the
population was not clustered and a large radius could have wasted the sample. However, because of a large
cluster in the lower-right PSU, ARS was efficient for R = 2.

In Population 6, which was highly clustered but not rare, ATS was not as efficient as TSS in almost half
of the cases, especially when the sample size was not very large. The performance of ARS was very good.
Because of the large size of the clusters, ARS was better with R = 2 than R =1, and, in one case, it was
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12 times as efficient as TSS, while this number was 1.18 for ATS. With R = 2, if a nonempty cell was
selected as the initial sample, many of the other nonempty cells would also be selected. With a large enough
initial sample size, almost all of them would be selected, providing almost complete information on the
population and higher efficiency in comparison with other designs.

In Population 7, which was an almost-ordinary population, ARS and ATS were not efficient. In this case,
the population was not clustered, and ARS wasted the sample searching around cells with a response
satisfying condition C that were almost all empty. In such situations, ATS is more efficient than ARS (this
happened in some cases), since ATS spreads the additional sample size equally across all the PSUs.

Finally, in Population 8, which was rare and completely clustered, ATS was almost not efficient at all.
Again, ARS performed very well; it was sometimes six times as efficient as TSS and ATS.

In addition, for Population 5, /1, .., =0.025 and z ., =—0.004; for Population 6, i, .. =
0.020 and /1, ,,.,, = —0.010; for Population 7, ft,, ..., = 0.027 and z ..., = 0.006; and, for Population
8, up ey = 0.016 and z, .., = 0.004. The means of the inclusion probabilities for the four populations
were, respectively, 0.21, 0.31, 0.24 and 0.34. Again, the errors in estimating the inclusion probabilities were
almost negligible.

Lastly, i, . showed significant efficiency, even higher than ,. (sometimes for a larger sample
size). Since f1,.. is unbiased, f,.. is preferred when there is enough information to calculate it. When
information for calculating “7z;”s is lacking, [Ars » 1S @Very good alternative for estimating the population
mean with almost no bias.

Costs are not discussed, because this factor favours ARS, which is a cheaper design in comparison with
ATS and TSS. Since ARS is more efficient than the other designs without considering costs, it is obvious
that with costs factored in, the efficiency of ARS would be higher again. On the other hand, if the costs of
much travelling under ATS and TSS are almost the same as the cost of searching more cells to find whether
they satisfy condition C (not measuring them exactly) to calculate the unbiased x- estimator, then the
comparison is fair.

4 Discussion

The adaptive rectangular sampling (ARS) design is an adaptive design that is easy to manage, saves on
travel, is easy to calculate, is neighbourhood-free, and controls the final sample size.

The design is adaptive because the final sample size depends on observed values, and the design is able
to find rare clustered events.

It is easy to manage because it is straightforward in determining the places that should be investigated
for the additional sample. The design uses the intuitive behaviour of field biologists — once they find a rare
event, they want to search in the immediate neighbourhood. It is even easier than adaptive cluster sampling
(ACS). In addition, ARS can perform in both a two-stage form and a one-stage form. With this design,
unlike with adaptive two-stage sequential sampling (ATS), there is no need to worry about the size, location
and shape of primary sampling units. Unlike ACS, incomplete ACS (IACS) and ATS, it is possible for ARS
to indicate the entire potential sample that the samplers need to select before they start sampling.
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As for the travel-saving feature of ARS, there is no difference between adaptive designs such as ACS,
ARS and ATS in the first phase of the second stage, for selecting the initial sample. But, in the second phase,
ARS travels between cells generally less than ACS and IACS (with its edge units) and, especially, much
less than ATS and two-stage sampling, with equal sample sizes. Because of this feature, ARS would be
appropriate for costly travelling surveys of clustered populations, regardless of its efficiency.

ARS is easy to calculate, because the inclusion probabilities for the final sample size are easy to calculate,
and this means that the - estimator can be used instead of Murthy’s estimator. Murthy’s estimator,
equation 3.1, is strongly dependent on the size of the initial sample (and on estimating q); as initial samples
could be small in some situations, this is a weakness of Murthy’s estimator. Therefore, one of the advantages
of ARS as a sequential design is its avoidance of Murthy’s estimator and its use of the z- estimator instead.
In addition, calculating the z- estimator in IACS is not very easy, because it is a little complicated to
estimate “z;”s (see Chao and Thompson 1999). As discussed in Section 2.1, it is easy to calculate or
estimate “z;”’s in ARS, compared with the method used by Chao and Thompson (1999).

The design is neighbourhood-free, in the sense that it does not follow the neighbourhood as in ACS and
IACS; this would be complicated for the sampler after certain steps. ARS is an easy design for samplers,
especially for difficult environments. ACS has not yet been used on a routine basis in field surveys for forest
inventory and biodiversity monitoring, as there are also practical difficulties in field implementation (Yang
etal. 2011). A design like ARS may be more appropriate in such environments.

The design controls the final sample size well with the choice of radius R. This paper presents an easy
version of ARS. ARS can be performed in different ways (e.g., someone could plan a design to sample
around a cell instead of investigating all the cells around it). This is a suggestion for future work on ARS.

To use ARS, it is important to know that the population units are separated in a cluster form; otherwise,
the design would waste the sample units. This is one of the disadvantages of ARS. An advantage of this
design is its expansion of the definition of clusters. Because the designer can change the radius R, a cluster
in ARS consists of units that are around each other even at a distance, and there is no need for them to be
adjacent.

Compared with other designs, ARS has some of the same advantages. Like ACS, it takes advantage of
clustering to find rare events; like ATS, it does not need to follow the neighbourhood. And, like IACS, it
controls the final sample size well.

ARS is a new design, and it should be evaluated on real populations to enable researchers to find out its
abilities, advantages and disadvantages.

Appendix

For z,;, itis easy to see that

n
:1_ 1h ,
n1h
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and, for z, .., using the fundamental probability principle,

hij’
=P(B,nB,)=1-P(B, nB,) =1- P(Bh'j U Bh'j,)
=1-[P(8; )+ P(8;)-P(B) N By

=1- [1_ P (Ukeshj A‘k) +1-P (Ukeshj' Ahk)_ (1_ P (Ukeshu' A ))]

n n n
=1_ 1h _ 1h " 1h .
Ny, Ny, Ny,
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Unequal probability inverse sampling

Yves Tillé!

Abstract

In an economic survey of a sample of enterprises, occupations are randomly selected from a list until a number r
of occupations in a local unit has been identified. This is an inverse sampling problem for which we are proposing
a few solutions. Simple designs with and without replacement are processed using negative binomial distributions
and negative hypergeometric distributions. We also propose estimators for when the units are selected with
unequal probabilities, with or without replacement.

Key Words:  Location; Horvitz-Thompson estimator; Negative binomial; Negative hypergeometric; Inverse design;
Inclusion probability; Wage.

1 Problem

The problem arose as part of a question on Statistics Canada’s new Job Vacancy and Wage Survey
(JVWS). The JVWS comprises a wage component and a job vacancy component. The wage component
looks at average wages, minimum wages, maximum wages and starting wages for various occupations.

The objective is to provide wage statistics by economic regions (economic regions are subdivisions of
provinces). In the first stage, a sample of 100,000 business locations (also known as local units of
enterprises) are selected using a Poisson design stratified by industry and economic region.

For simplicity, the term “enterprise” will be used in the rest of the document instead of “location,”
keeping in mind that Statistics Canada defines a location as “a production unit located at a single
geographical location at or from which economic activity is conducted and for which a minimum of
employment data are available.”

For purposes of managing response burden, it is not possible to identify every occupation in each
enterprise. Therefore, proposing a list of occupations and asking whether the listed occupations exist in an
enterprise has been considered. Occupations can then be randomly drawn from the list and proposed
successively to the head of the enterprise until » occupations have been reached. Since the most common
occupations are of specific interest, it is useful to consider cases in which occupations are selected with
unequal probabilities from the list in proportion to their prevalence in the total population. Note that this
method was not implemented for Statistics Canada’s Job Vacancy and Wage Survey. The survey decided
to present a list, of fixed length, of occupations to the surveyed enterprises. Nevertheless, the theoretical
properties of the proposed method remain of interest.

“Inverse sampling” refers to a scheme in which units are selected successively until a predetermined
number of units with a certain characteristic is obtained. Inverse sampling must not be confused with
rejective sampling. In rejective sampling, a sample is selected according to a design, and the sample is
rejected if it does not have the desired characteristic (e.g., a specific sample size or an average equal to that
of the population). The selection of samples is repeated until a sample with the desired property is obtained.

1. Yves Tillé, Institute of Statistics, University of Neuchéatel, Avenue de Bellevaux 51, 2000 Neuchatel, Switzerland. E-mail: yves.tille@unine.ch.
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Inverse sampling raises a certain number of theoretical questions. How can such a design be implemented
with equal or unequal inclusion probabilities? What is the probability of inclusion of an occupation within
each enterprise? How can a variable of interest be estimated using a sample consisting of a few enterprises
and a few occupations within them? How can the number of occupations in the enterprise be estimated?
More generally, how can this survey be implemented and how can estimation be done?

The key issue is the way in which the occupations are selected. They may be selected using a simple
design with or without replacement, or with unequal probabilities. One option would be to select the units
with unequal probabilities using the sequential Poisson sampling method proposed by Ohlsson (1998) or
the Pareto sampling method proposed by Rosén (1997). The inverse sampling problem has already been
discussed by Murthy (1957), Sampford (1962), Pathak (1964), Chikkagoudar (1966, 1969), and Salehi and
Seber (2001). However, the parameter to be estimated here is unique, since estimates of average revenue
among all enterprises having a specific occupation are desired. We also propose a new unequal-probability
inverse design without replacement.

This article is organized as follows: In Section 2, the problem is stated and the notation is defined. The
equal probability case with replacement is discussed in Section 3, and the equal probability case without
replacement is discussed in Section 4. The unequal probability case with replacement is developed in
Section 5. A new selection method for the unequal probability case without replacement is presented in
Section 6. Finally, Section 7 contains a short discussion.

2 Formalization of the problem

The following notation is used:

e U: apopulation of N enterprises, i.e., U ={1,...,i,...,N} (U may denote the population of
enterprises in an economic region),

L : the list of occupations,

e M : the number of occupations in the list, i.e., the size of L,

F, : the list of occupations in enterprise i, with F, c L,

D, : the list of occupations absent from enterprise i, with D, L, F,uD, =L and
D NF =0,

Mp, : the number of occupations in enterprise i, i.e., the size of F,

7. the number of distinct occupations to be obtained in each enterprise,

e X, : the number of failures before the » occupations in enterprise i are obtained by selecting
the occupations using a given design.

The main objective is to estimate the average wage for an occupation in the total population. Let y, be
the average wage for occupation & inenterprise i, and let z, be the number of employees with occupation
k inenterprise i. The objective is to estimate the average wage for occupation £ given by
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Assume that a sample of enterprises S, is selected from U using some given design with inclusion
probabilities 7,,. Inenterprise i, a sample of occupations S, is selected using one of the designs described
above with inclusion probability i If the design is with replacement, 7, represents the expected number
of times that occupation % is selected in enterprise i.

Y, can be estimated using a “ratio” type estimator (Héjek 1971):

Zu Vi

? _ ieS|(SinF )k T Ty

k

Zik

i€, |(8,nF)ok T gy

Therefore, the probability that an occupation will be selected in an enterprise must be known. However,
with an inverse type design, the probability is unknown and must therefore be estimated in order to estimate
Y,. Since the inclusion probabilities appear in the denominator, it is preferable to estimate the inverses of
;- Inan enterprise, an occupation’s probability of being selected decreases as the number of occupations
increases. In addition, the probability depends on the inverse sampling design used in each enterprise.

3 Simple random sampling with replacement

Assume that enterprise i has proportion p, of the occupations in the list in the enterprise. If the sample
of occupations is drawn with replacement in enterprise i until » occupations in the enterprise have been
identified, then X, has a negative binomial distribution denoted by X, ~ NB(r, p,). In that case,

r+x -1
Pr(Xi :xi): p:{ﬁ(l_pi)%’
X,

1

with x, e N={0,1,2,3,..}, p, €[0,1],r e N* = {1,2,3,...}. Furthermore,

r(l_pi)

E(X,)=——= and var(X,)= M

P, p?

Let 4, ,k € L, be the number of times that unit & is selected in the sample taken from enterprise i. In a
simple design with replacement of size n, the values of 4, have a multinomial distribution. Therefore,

n! 1
Pr(4, =a,,kel)= e H—

l )
keL a[k'

where 4, =0,...,n, and
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Sa, =n.

kel

If this multinomial vector is conditioned on a fixed size in a given part of the population, then

Pr(Al.k =a,,keF, and ) 4, = r]

keF,

Pr(ZAik = rJ

keF;

Pr(Aik =a,,keF

ZAl.k = r)

keF;

n!(1- pl.)(””H 1
(n=r)M" i a,!
nipi(L-p)""
ri(n—r)!

1Y 1
Mpi keF; aik!

with

This shows that, if the sum of 4, is conditioned on one part of the population, the distribution remains
multinomial and conditionally there is still a simple design with replacement.

With the procedure in which we draw with replacement until we obtain » occupations in enterprise i,
we have

if keF,
E (4, | X)) =
X, ,

——— if keD.,.

M — Mp, l
In fact, conditionally on X, in F, of size Mp., r occupations are selected and, in D, of size M (1- p,),
X, occupations are selected.

In the case with replacement, what is calculated is not really an inclusion probability, but rather the

expected value of 4, which is denoted as 7,

li?

7
”k\i = EE(Aik |Xi) = W'

1

k e L. The problem is that we know M,r and X, butnot p,. We can estimate p, using the method of
moments by solving E(X,) = X,, which yields
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x =" (1A—IA’,)
p;
and therefore
R r
Pu = X, + r

The maximum likelihood method provides the same estimator as the method of moments, but this estimator
is biased (Mikulski and Smith 1976; Johnson, Kemp and Kotz 2005, page 222). If » > 2, the unbiased
minimum variance estimator of p, is

. r-1
Pra X +r-1
However, 1/ p,, is unbiased for 1/ p, .

Since we are using weights that are inverses of 7, ,, the inverses of 7z, are thus estimated as follows:
Mp., . M(r-1

=——~ ~* ifkeF
- r r(Xl.+r—1) !
1/7zk\i:
M(@A-p. M
A-ps) _ if keD.
X X +r-1 !

However, the case with replacement is not very satisfactory, because selecting » occupations with
replacement does not necessarily resultin » distinct occupations, since the same occupation may be selected
more than once. Furthermore, sampling may be especially long if Mp, is small. Therefore, sampling without
replacement is preferred.

4 Simple random sampling without replacement

For the case without replacement, the notation used is the same as for the draw with replacement. The
number of failures X, therefore has a negative hypergeometric distribution. This probability distribution is
little known, to the point that it has been presented as a “forgotten” distribution by Miller and Fridell (2007).
This distribution is the counterpart to the negative binomial for the draw without replacement. The general
framework is as follows: We consider a population of size M in which there are Mp, favourable units,
namely the occupations in the list that exist in the enterprise. If the draws are equal probability without
replacement until » favorable units appear, then the negative hypergeometric variable, X, ~ NH(M,r,
Mp.), counts the number of failures before » favourable events occur.

x+r-1\(M—-x-r
x Mp,. —r

M )
Mp,
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where x €{0,....M (1-p,)}, M e{1,2,..}, Mp, €{1,2,....M}, and re{1,2,...,Mp.}.

Mr(1-p,) var(x)= rM (1- p,) (M +1)(Mp, —r+1)'

E(X;)= 7
Mp, +1 (Mp, +1)" (Mp, +2)

Again, 4, denotes the number of times that unit & is selected in the sample. Now, the value of 4, can
be only 0 or 1. If » units are selected using a simple design without replacement in L, the sample design

is defined as
M -1
Pr(Aik=aik,keL)=[ J ,

n

where g, € {0,1}, and

Sa, =n

kel

If the vector of 4, is conditioned on a fixed size in one part of the population, we have

Pr(Al.k =a,,keF, and ) A4, = r)

keF,

Pr(d, =a,,keF|) A, =r| =
( ik ik kEZFI k ) Pr(zAlk :r)
keF;
—(Mp,) M_Mp[}—l
r n—r 1
g &
L n stﬁ_ Ay =n-r

with

Sa, =r

i

This shows that, if the sum of A4, is conditioned on one part of the population, we still have a simple
design without replacement. In the procedure in which we draw without replacement until we obtain »
occupations in enterprise i, we therefore have
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s it keF
Mp.
E(Aik |Xl) = X
—L— if keD.
M — Mp, '
The inclusion probability is therefore
i if keF
Mp.
”k\i =EE(Aik|Xi): E(X) -
= if keD,

M—Mp, ~ Mp, +1

forall £ € L. Again, the problem is that we know M, and X, butnot p.. We can estimate p, using the
maximum likelihood method, through a numerical method.

Using the method of moments, an estimate can be obtained by solving for p, in the equation
X, =E(X,), thatis,

_ Mr(l_ﬁi)
 Mp,+1
Hence
R Mr-X,
Pu =7 o~
M(r+X[)
However, in a few lines it is verified that, if » > 2,
. . r-1
iz r+X, -1

is unbiased for p,.

Again, since we are using weights that are inverses of e The inverses of the inclusion probabilities
are thus estimated as follows:

Mp. M(r-1
Mpy L MED
//\ r r(X,+r-1)
1 T = A
MA-py) M if keD,
X, X +r-1 f

These weights are also used in the estimator by Murthy (1957), which is unbiased (see also Salehi and Seber
2001). If Mp, < r, all occupations will be selected in enterprise i and the estimated inclusion probabilities
are then equal to 1.
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5 Unequal probability sampling with replacement

Unequal probability sampling is not really more difficult to process when the draw is with replacement.
Now let p, denote the probability of an occupation being drawn in each draw with

Zpik =1

keL

Let P be the sumof p, limited to the occupations in enterprise i :

=D Py

keF;
In this case, X, has a negative binomial distribution with parameters » and P. Therefore,

r(l—P.)

1-P
E(Xl.)=¥ and var(X,)= 5 ’

Let 4, ,k € L be the number of times that unit & is selected in the sample. In an unequal probability
design with replacement of size #, the values of 4, have a multinomial distribution. Therefore,

Pr(4, =a, kel)=n]]— Py

kel Ay

where 4, =0,...,n, and

Zaik =n

keL
If this multinomial vector is conditioned on a fixed size in one part of the population, then

Pr(Aik =a,,keF, and ) 4, =r)

keF;

A

keF,

=a,keF,

S, =7

keF;

ik

Pr(A_

S —
1

%

n!(l_[;)(n_r) H Pi
(n=r)!  ir a,!
AR P)”

ri(n—r)!

S

keF, a

with
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This shows that, if the sum of 4, is conditioned on one part of the population, the distribution remains
multinomial and conditionally there is still an unequal probability design with replacement.

With the procedure in which we draw with replacement until we obtain » occupations in enterprise i,
we have

Pu it kerF
P

B X)) =)
“ilu it pep,
1-P

i

The expected value of 4, is

I”pl,
”k\i = EE(Aik |X1) = Tk'

1

k € L. The problem is that we know p, ,» and X, butnot P. We can estimate P, using the method of
moments by solving E (X,) = X,, which gives

r(1-P
X,- — ( - l)
P
and therefore
~ r
Bi=——ru.
Xl. +r

The maximum likelihood method provides the same estimator as the method of moments, but this estimator
is biased (Mikulski and Smith 1976; Johnson et al. 2005, page 222). In fact, the unbiased minimum variance
estimator is

However, 1/ 2, is unbiased for P.

Again, since we are using weights that are inverses of z,,,. The inverses of 7z, are thus estimated as
follows:

P, r—1 .
- = if keF
1//\ TPy (Xi+r_1)rpik (5.1)
o = ~ .
ek L if keD
= e ..
XiPy (Xi+r_1)pik l
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6 Unequal probability sampling without replacement

6.1 Sequential sampling without replacement

For the draw without replacement, the first problem is determining the design. One option is to use the
method by Ohlsson (1995) called sequential Poisson sampling. This method involves generating M
uniform random variables in the interval [0,1], denoted u, . Next, we select the » units corresponding to
the smallest values of u,, /7z,,. This method has the advantage of being usable for any sample size and
providing a sequence of samples that are included in each other. Unfortunately, it only satisfies
approximately the fixed inclusion probabilities. However, the approximations are very accurate according
to the simulations given in Ohlsson (1995).

Methods have also been proposed by Sampford (1962) and Pathak (1964). We propose an exact solution
to the problem in the sense that the inclusion probabilities are exactly satisfied. We begin by calculating the
inclusion probabilities for a design of fixed size » with inclusion probabilities proportional to a strictly
positive auxiliary variable b, ,k € L. The probabilities are determined by

k

20, |

leL

7, (n)=min|1,C,

where C is determined such that

b

27 (n) =2 min|1,C, Zkbg =n.

kel kel

lel

A simple algorithm for calculating these probabilities is described in Tillé (2006, page 19), among others.
The probabilities can be calculated simply using the function inclusionprobabilities in the R
sampling package.

A sequential selection method must therefore select a sample of size » with inclusion probabilities
Ty (n). 1t must then make it possible to go from size » to size n+1 by simply selecting an additional unit
such that the completed sample has an inclusion probability of Ty (n+1). It appears that the only method
that allows that to be achieved is the elimination method (Tillé 1996). This method starts with the entire
population (the list of occupations) and eliminates one unit in each step. In step j =1,..., N, the unit is
eliminated from among the remaining units with the probability

”k\f (N - ])
Ty (N-j+1)

This method can thus be used to create a sequence of samples included in each other that verify the inclusion
probabilities in relation to their size.

Therefore, we can simply apply the elimination method for sample size » =1 so that the algorithm
successively eliminates all the units. Taking them in the reverse order of elimination, we obtain a sequence

of units. The first » units of the sequence are selected with inclusion probability Ty (n). The appendix
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contains a function written in R that can be used to generate this sequence. The code is executed in a
simulation that shows that the probabilities obtained through simulations by applying this function are equal
to the fixed inclusion probabilities for all sample sizes.

6.2 Inverse or negative design with unequal probabilities

Now that the design is defined, the inverse design can be defined. The units in the list of occupations are
taken using the elimination method until » occupations in the enterprise are selected. In this case, the
probability distribution of the number of failures X, seems impossible to calculate. Calculating the
conditional inclusion probability E (4, | X,) is also problematic.

However, we can proceed by analogy and estimate the inclusion probabilities on the basis of expression
(5.1) developed for the case with replacement, where p_ can simply be replaced by

i (r+X,)
r+ X, '
Therefore, we obtain
(r-1(r+X,) it LeF
- r(Xl.—i-r—l)ﬂ'k“ (r+X,) !
Yz, =
/ o r+ X, .
! if keD..

(XI. +r—1)7rk‘i(r+Xi)

7 Discussion

The selection problem can therefore be resolved for all cases, with or without replacement and with equal
or unequal probabilities. The proposed solution based on the elimination method respects the inclusion
probabilities exactly, which is not true for Ohlsson’s sequential sampling. The implementation is especially
simple, since the program provides an ordered sequence of occupations to propose until the objective has
been met.

The estimation issue is slightly more difficult. For the unequal probability sampling without replacement,
we must make do with a heuristic solution. As well, it can be seen that, in the second stage, there tends to
be lower inclusion probabilities in enterprises that have many occupations. This should lead us to select
with greater probabilities the enterprises that may have a larger number of occupations, to avoid selecting
occupations with probabilities that are too unequal.
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Appendix

#
# Load sampling package, which contains the function inclusionprobabilities().
#
library(sampling)
#
# The function returns a vector with the sequence numbers of the eliminations.
# The last (resp. first) unit eliminated is the first (resp. last)
# component of the vector.
# The function therefore provides the numbers of the units to be presented
# successively for the inverse selection.
# The argument x is the vector of values of the auxiliary variable used to calculate
# the inclusion probabilities.
#
elimination<-function(x)
{
pikb=x/sum(x)
M = length(pikb)
n = sum(pikb)
sb = rep(1, M)
b = rep(1, M)
res=rep(0, M)
for (i in 1:(M)) {
a = inclusionprobabilities(pikb, M - 1)
v=1-arlb
b =a
p=vVv*sb
p = cumsum(p)
u = runif(l)
for (J in 1l:length(p)) if (u < pOD
break
sb[j] =0
res[i]=j}
}
res[M:1]
#
# 500,000 simulations with a size in a list of size M=20.
# By taking the first m components of vector v, we obtain a sample
# of size m.
#
M=20
x=runif(M)
Pik=array(0,c(M,M))
#
# Calculate the inclusion probabilities for all sample sizes from 1 to 20.
#
Ffor(i in 1:M) Pik[i,]=inclusionprobabilities(x, i)
rowSums(Pik)
SIM=50000

SS=array(0,c(M,M))
for(i in 1:SIM)

{

S=array(0,c(M,M))
v=elimination(x)

for(i in 1:M) S[i,v[1:i]]=1
SS=SS+S

¥

SS=SS/SIM

#

# Compare actual and empirical inclusion probabilities.
#

Pik

SS

SS-Pik

Statistics Canada, Catalogue No. 12-001-X



Survey Methodology, December 2016 295

References
Chikkagoudar, M.S. (1966). A note on inverse sampling with equal probabilities. Sankhya, A28, 93-96.

Chikkagoudar, M.S. (1969). Inverse sampling without replacement. Australian Journal of Satistic, 11, 155-
165.

Héjek, J. (1971). Discussion of an essay on the logical foundations of survey sampling, part on by D. Basu.
In Foundations of Statistical Inference, (Eds., V.P. Godambe and D.A. Sprott), page 326, Toronto,
Canada. Holt, Rinehart, Winston.

Johnson, N.L., Kemp, A.W. and Kotz, S. (2005). Univariate Discrete Distributions. New York: John Wiley
& Sons, Inc.

Mikulski, P.W., and Smith, P.J. (1976). A variance bound for unbiased estimation in inverse sampling.
Biometrika, 63(1), 216-217.

Miller, G.K., and Fridell, S.L. (2007). A forgotten discrete distribution? Reviving the negative
hypergeometric model. The American Statistician, 61(4), 347-350.

Murthy, M.N. (1957). Ordered and unordered estimators in sampling without replacement. Sankhya, 18,
379-390.

Ohlsson, E. (1995). Sequential Poisson sampling. Research report 182, Stockholm University, Sweden.
Ohlsson, E. (1998). Sequential Poisson sampling. Journal of Official Statistics, 14, 149-162.
Pathak, P.K. (1964). On inverse sampling with unequal probabilities. Biometrika, 51, 185-193.

Rosén, B. (1997). On sampling with probability proportional to size. Journal of Statistical Planning and
Inference, 62, 159-191.

Salehi, M.M., and Seber, G.A.F. (2001). A new proof of Murthy’s estimator which applies to sequential
sampling. The Australian and New Zealand Journal of Statistics, 43, 281-286.

Sampford, M.R. (1962). Methods of cluster sampling with and without replacement for clusters of unequal
sizes. Biometrika, 49(1/2), 27-40.

Tillé, Y. (1996). An elimination procedure of unequal probability sampling without replacement.
Biometrika, 83, 238-241.

Tillé, Y. (2006). Sampling Algorithms. New York: Springer.

Statistics Canada, Catalogue No. 12-001-X






Survey Methodology, December 2016 297
Vol. 42, No. 2, pp. 297-305
Statistics Canada, Catalogue No. 12-001-X

A cautionary note on Clark Winsorization

Mary H. Mulry, Broderick E. Oliver, Stephen J. Kaputa and Katherine J. Thompson*

Abstract

Winsorization procedures replace extreme values with less extreme values, effectively moving the original
extreme values toward the center of the distribution. Winsorization therefore both detects and treats influential
values. Mulry, Oliver and Kaputa (2014) compare the performance of the one-sided Winsorization method
developed by Clark (1995) and described by Chambers, Kokic, Smith and Cruddas (2000) to the performance of
M-estimation (Beaumont and Alavi 2004) in highly skewed business population data. One aspect of particular
interest for methods that detect and treat influential values is the range of values designated as influential, called
the detection region. The Clark Winsorization algorithm is easy to implement and can be extremely effective.
However, the resultant detection region is highly dependent on the number of influential values in the sample,
especially when the survey totals are expected to vary greatly by collection period. In this note, we examine the
effect of the number and magnitude of influential values on the detection regions from Clark Winsorization using
data simulated to realistically reflect the properties of the population for the Monthly Retail Trade Survey
(MRTS) conducted by the U.S. Census Bureau. Estimates from the MRTS and other economic surveys are used
in economic indicators, such as the Gross Domestic Product (GDP).

Key Words:  Outlier; Masking; Monthly retail trade survey.

1 Introduction

Recently we studied methods of detecting and treating verified influential values with the goal of finding
an objective method for identification and treatment of influential values in a highly skewed business
population (Mulry et al. 2014). An observation is considered influential if its value is correct but its weighted
contribution has an excessive effect on the estimated total or period-to-period change. Although influential
values occur infrequently in economic surveys, if one appears and is not “treated,” it may introduce
substantial over- or under-estimation of survey totals or period-to-period change. In turn, this can impact
other measures of the economy. For example, monthly estimates of sales and inventories from the U.S.
Census Bureau’s Monthly Retail Trade Survey (MRTS) are inputs to the Gross Domestic Product (GDP).
With any outlier detection and treatment method, one aspect of particular interest is the range of values that
methods designate as influential, called the detection region. The size of the region and its boundary directly
impact the number of identified values and the minimum amount by which the value(s) will be adjusted.
Consequently, it is important to understand how to “manipulate” the method used, to ensure that (1) true
influential values are always identified and receive the minimum treatment needed to ameliorate their impact
on totals without overly perturbing the sample’s distribution and (2) values that are not influential are rarely
identified and are consistently associated with trivial adjustments.

One approach for detecting and treating influential values is called Winsorization. These procedures
replace extreme values with other, less extreme values, effectively moving the original extreme values
toward the center of the distribution. Winsorization procedures may be one-sided by treating only extreme
values that are too high, or they may be two-sided by simultaneously treating high and low values. Values

1. Mary H. Mulry, Broderick E. Oliver, Stephen J. Kaputa, and Katherine J. Thompson, U.S. Census Bureau, Washington, DC 20233, U.S.A.
E-mail: mary.h.mulry@census.gov.
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designated as influential are modified (“treated”) by replacing them with values chosen to minimize the
mean squared error (MSE) of the estimate of the total. For further discussion, see Chambers (1986),
Chambers et al. (2000), and Martinoz, Haziza and Beaumont (2015).

In this note, we focus on the Clark Winsorization, a one-sided method developed by Clark (1995) and
described by Chambers et al. (2000). The Clark Winsorization method assumes a data model and then uses
an algorithm to detect and treat influential values. The detected and treated values form the detection region.
Our studies found the Clark Winsorization algorithm can be effective, but the resultant detection region is
highly dependent on the number of influential values in the sample. If the sample contains no influential
values, the procedure is anti-conservative, meaning it makes very small changes to several values not
considered influential thus reducing the variance and mean square error but essentially leaving the estimated
total unchanged (trimming). On the other hand, the procedure can become very conservative if the sample
contains a single influential value, depending on the distance of the value from the remainder of the
distribution. When the sample contains two or more influential values, Clark Winsorization detects and
adjusts only the influential values and does not trim any values that are not influential. However, the
procedure can be prone to masking (Barnett and Lewis 1994). Trimming observations when no influential
value is present does not appeal to subject matter analysts in a production setting where time is limited. The
cost of examining a “false positive” can be prohibitive and treated values might be categorized as imputed
in response rate computations. However, the algorithm has the advantage of being straightforward to
implement and not requiring prior knowledge of the population. Certainly there are situations where these
advantages of Clark Winsorization may outweigh the disadvantages.

We examine the influential value detection regions from Clark Winsorization using a simulated dataset
that realistically reflects the population of the MRTS and was first used in (Mulry et al. 2014). We illustrate
how the presence of one versus two high influential values can affect the detection region under several
scenarios. Our objective is not to advocate for or against this method; the purpose of this note is to make
potential users aware of aspects of this procedure that can affect its outcome.

Section 2 contains background on monthly business surveys including an overview of the sample design
and weighting. A description of the Clark Winsorization methodology and its implementation using MRTS
data appears in Section 3. The discussion in Section 4 concentrates on the detection region for influential
values with Section 4.1 addressing the scenario of one influential value in a sample and Section 4.2 focusing
on the scenario when two influential values are present. Section 5 contains a summary.

2 Business survey setting

As is typical of many business surveys, the MRTS is sampled from a highly skewed population of
companies. The MRTS selects a sample every five years using a stratified simple-random sample design.
Primary strata are determined by major industry as reported by the company, whose units are further sub-
stratified by estimated annual sales (U.S. Census Bureau 2014). When the sample is introduced, small
businesses are generally sampled at a low rate and have large sampling weights, whereas the larger
businesses are sampled at a higher rate and have small sampling weights, again typical of many business
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survey designs (Smith 2013). Originally, all businesses in the same sampling strata have the same sampling
weight. However, weights for individual businesses may be adjusted as the sample matures due to persistent
increases in sales for some businesses and decreases for others. For this reason, simulating a realistic
weighting structure for a matured sample is challenging. When influential values do appear, it is the
combination of the weight and the reported sales that produces the unusually large weighted value.

Sampling weights for small units can be very large, so examining the unweighted values to identify
influential values would be quite misleading. We illustrate the combined effect of weight and sales with a
single sample (replicate) throughout this note. Figure 2.1 presents plots of sampling weights against
unweighted and weighted values of sales, respectively from this sample. Certainty businesses — those
sampled with probability equal to 1 — are marked by hollow circles. The graph on the left shows that the
units that have the smallest values of sales tend to have the highest sampling weights. By design, as the
observed (unweighted) value of sales increases, the sampling weight likewise decreases. However, as shown
in the graph on the right, the weighted value from both the small and large businesses contribute similarly
to the estimated total. Indeed, a small value of sales multiplied by a large sampling weight can easily affect
the estimated total.

8 g
L] L e e 9 .
§ 1 L § i L - - e
o
2 3 z 87
9 - g L 1] ae e . L 1]
2 2
§ -1 - § — e oo o ®o .
\8! B : § ] L e o * LR 1} l. e
*fWBecee i » e T a0y ' * @ .
o - “I .. .-.. L] ' O o] [+ o] o0 @ o - .—nﬂﬂ:&)ﬁn c@m CR) o '.%1 ﬁ o @ -
I T T T | T T T T 1 [ T T T T T T 1
0 1 2 3 4 5 6 7 8 9 0 5 10 15 20 25 30 35
Value of Sales (Millions) Weighted Value of Sales (Millions)

Figure 2.1 On the left, sampling weight versus unweighted value of sales. On the right, sampling weight versus
weighted value of sales for unit. Units selected with certainty are shown as hollow circles.

Economic surveys publish totals and period-to-period change estimates. Influential values are examined
with respect to their weighted impact on the total. If the estimates of total sales vary greatly by period, the
change estimates are affected accordingly. Currently, when an influential value is detected, the mitigation
strategy depends on whether the subject matter experts believe the observation is a one-time phenomenon
or a persistent shift. If the influential value appears to be an atypical occurrence for the business, then the
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influential observation is replaced with an “imputed” value that is more consistent with the remainder of the
distribution whether or not it fails an edit [Note: if the replacement value were obtained via Clark-
Winsorization, then it would technically be an “adjusted” value]. If the influential value persists, indicating
a permanent change, then its sampling weight is adjusted.

3 Method

We first introduce notation needed to describe the Clark Winsorization, which follows Mulry et al.
(2014). For the i™ business in a survey sample of size n for the month of observation t,Y, is the collected
characteristic (e.g., sales), w,, is its survey weight (which may or may not be equivalent to the inverse
probability of selection), and X, is a variable highly correlated with Y
The monthly total Y, is estimated by Y, defined by ¥, =>"" w,Y

-1 i T

.» such as previous month’s revenue.

For ease of notation, we suppress the index for the month of observation t in the remainder of this
section. In MRTS, the survey weight w; is the (possibly modified) sampling weight since the missing data
treatment is imputation.

The general form of the one-sided Winsorized estimator of the total is designed for large values and is

. 2w n _ .
writtenas Y* =Y " w.Z, where Z, = min{Y,,K, + (Y, = K;)/w,}.

Detection of observation i as an influential value by Clark Winsorization occurs when Z, #Y,. More
than one observation may be identified. Note that using Z, = min{Y,,K,} would ensure bounded
influence and a robust estimator. However, this may lead to a large bias in Y *.

To implement the method, Clark assumes a general model where the Y, are characterized as independent
realizations of random variables with E (Y,) = z, and var(Y,) = o2. Then the approach approximates the
K, that minimizes the MSE under the model by setting K, = g + L(w, —1)"", which requires estimating
4, and L. Clark’s approach builds on a method developed by Kokic and Bell (1994) that derived a K for
each stratum rather than for each individual unit.

For an estimate of x, Chambers et al. (2000) suggest using the results of a robust regression. In our
application, we used the SAS Procedure ROBUSTREG (SAS 2014) to implement the weighted least median
of squares (LMS) robust regression method. The LMS robust regression uses weights to compensate for the
heteroscedasticity visible in Figure 2.1. Other considered methods appeared too sensitive with our data,
designating some observations as influential when they were not large enough to have an excessive effect
on the estimated total in our empirical data sets. In different applications, different robust regression methods
could exhibit superior performance and should be considered. Our prediction model estimates g, with bX,
where b is the regression coefficient and X, is the previous month’s observation, chosen because X, and
Y, tend to be highly correlated and no administrative data are available on a monthly basis. To estimate L,
the Clark Winsorization procedure uses the estimate of ., to estimate weighted residuals

D, = (Y, — ) (W, 1) by D, = (Y, - bX,)(, ~1).
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Certainty units have weighted residual values of zero, assuming that no other weight adjustments are
performed (e.g., for unit nonresponse, for post-stratification). Next, the method sorts the estimates of the
residuals in decreasing order Iﬁ(l), 5(2),..., Iﬁ(n). Then the Clark method finds the Iargestyalue of k, called
k*, such that (k +1) Iﬁ(k) - ZL Iﬁ(j) is positive, then estimates L by [ = (k" +1)™ Z; Iﬁ(j). Finally, the
estimate of K, is formed by K. =bX, + L(w, —1)™", which is used to determine the values of Z, for the
estimate of the total Y*. Chambers et al. (2000) recommend forming the estimate of L for the procedure
by using an average of estimates of L from several previous months of data. However, our examples in
Section 4 use only the previous month because we use data from a simulated stationary series constructed
to reflect the different means and variances in the sampling strata for an industry in the MRTS. The
stationary series was created by constructing a simulated population from MRTS data and applying an
ARMA model to generate the time series. Thus, additions and deletions to the MRTS sample over time (i.e.,
births and deaths) are not incorporated in the simulation design. Consequently, averaging over several
previous months offers no advantage over the point estimate from the previous month. In addition, we used
the Winzorized values as auxiliary values (X;) in the application of the procedure to the subsequent month
in order to study the propagation of the effects of the adjustment in the production setting. Although
influential values were induced by adding a large amount to an observation selected at random from a
stratum with one of the largest weights, the calculation of the value of L used all the sample observations
with weights greater than one. More details on the construction of the series may be found in Mulry et al.
(2014). We have not explored using an average of estimates of L from several previous months with
simulated MRTS data that incorporated seasonality, volatility, and changes in economic conditions or with
empirical MRTS data. Such an average of estimates of L may be useful in other designs and surveys that
exhibit more stable behavior, such as annual rather than monthly implementations.

4 Detection regions

We examine the range of influential values that Clark Winsorization designates as influential, called the
detection region, under three scenarios. One scenario has a single high influential value present in the
sample. In the other two scenarios, the sample contains two high influential values.

Figures 4.1 and 4.2 use grids of unweighted data to illustrate the detection regions for the application of
the Clark Winsorization algorithm on a single sample from a simulated MRTS industry with low volatility,
a monthly revenue of $2.5 billion and a sample size of 147. In these figures, each (x,y) point on the grid
represents a possible influential value where x represents the unweighted value for the previous month and
y represents the current month’s unweighted value. Since the weights for the same business rarely change
from month-to-month, the scatterplots of weighted values are similar and therefore are not shown. We use
sampling weights for the points on the grid and do not modify the weights in our simulation. All the points
on a vertical line have the same weight with the sample weights lower for units that have higher values of
sales. The detection regions are constructed by inserting each pair of (x,y) coordinates from the grid into
the sample and then running the Clark Winsorization algorithm with the parameter settings described in
Section 3 to see if the weighted y value in the inserted pair is designated as influential.
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4.1 Results for one influential value

In this section, we illustrate the effect on the detection region of a sample containing a single influential
value, hereafter referred to as Scenario 1. In Figure 4.1, the unweighted sample observations used to form
the detection regions are shown in black with the x-axis representing the previous month’s value and the
y-axis representing the current month. The robust least median of squares regression line used in the
prediction model has been included for reference. For the given sample, a single observation that falls in the
light gray hashed region (detection region) is flagged as influential and adjusted by the Clark Winsorization
method. The broken vertical line marks the largest sampled observation with a weight greater than one; that
is, all observations to the right of this asymptote are guaranteed to have a weight of one.

Scenario 1

Current Month (Millions)

0 1 2 3 4 5 6 7 8 9
Previous Month (Millions)

Figure 4.1 Detection region for Clark Winsorization for a single influential value. All sample points are in
black.

The close proximity of the lower boundary line of the detection region to the regression line reflects the
trimming done by the method to minimize the MSE by lowering the variance at the cost of introducing a
small bias. Therefore, several non-influential cases in this detection region will be trimmed slightly
nonetheless. We observed this phenomenon repeatedly in several other (different) empirical data sets.

4.2 Results for two influential values

Now we turn to investigating the detection region when the sample contains two induced high influential
values. Our approach holds one induced observation at a fixed value and weight in the sample and allows
the second induced observation to vary in value with its corresponding weight, permitting the identification
of the detection region for the second observation, conditional on the first. This approach allows us to assess
whether the procedure is subject to masking which occurs when a large value prevents the identification of
other extreme values. We consider two scenarios for the fixed value. In Scenario 2, the contribution of the
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fixed influential value to the estimate of total sales is 667 million higher than the previous month. In
Scenario 3, the fixed influential value is less severe since its contribution is 334 million higher, half of the
increase in Scenario 2.

The graph on the left in Figure 4.2 presents the detection region (light gray area) under Scenario 2. Here,
the fixed (unweighted) value is 350,000 in the previous month and 8.2 million in the current month with a
weight of 85. Regardless of where the second observation was placed throughout the graph, the fixed
observation was always designated as influential. Notice that the observations that would have been falsely
designated as influential and slightly trimmed in Scenario 1 (see Figure 4.1) would not have been changed
in this scenario. Here, the detection region is restricted to identifying only similar severe observations, which
are supposed to be atypical.

Scenario 2 Scenario 3

Current Month (Millions)
Current Month (Millions)

Previous Month (Millions) Previous Month (Millions)

Figure 4.2 Detection regions for Clark Winsorization for the second of two influential values. On the left, the
first one is held fixed and is extreme. On the right, the first one is held fixed but is less extreme. All
sample points are in black.

The dramatic difference in the relative sizes of the detection regions between Scenario 1 and Scenario 2
could indicate that this procedure — as applied — is vulnerable to masking. Masking occurs when one
influential value causes a failure to identify the presence of another (Barnett and Lewis 1994). We explore
this possibility in Scenario 3, halving the unweighted value of the fixed influential value in the current
month (now 4.1 million instead of 8.2 million) while allowing the weight to retain the same value of 85.
The graph on the right in Figure 4.2 shows two different shaded regions: a light grey area where both the
fixed influential value and the second (variable) value can be detected, and a dark gray region to the left of
the light gray region where the algorithm detects the variable value as influential but misses the fixed value.
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Adjustments in the light gray area reduce both the bias and the MSE. In the dark gray area, the adjustment
reduces the MSE, but may not reduce the bias substantially. The white area to the right of the light gray
region shows where only the fixed influential value is identified. However, the white area contains large
observations with small weights so these observations are not representing much more than themselves, and
consequently adjustments in this range have small impact on the bias.

This preliminary exploration validates our concern about the potential for masking. One approach that
may alleviate masking when a stationary series has a high level of noise is to average L over several
previous months as suggested in Chambers et al. (2000). The sampling design may be a factor. The graph
on the left in Figure 2.1 shows that the weights decline rapidly as the unweighted observations increase for
observations between 0 and 1 million. In this range, the weight of the unit has more impact than its observed
value on the size of its weighted residual used in calculating the k™. A relatively small change in the variable
value may trigger a much larger change in its weighted residual and cause the k* to change, which affects
the number of influential values detected. The weights used in this example reflect the weights used in the
MRTS for the industry and were not constructed artificially to create an illustration for the Clark
Winsorization methodology.

5 Summary

The usage of Clark Winsorization is very appealing for the simplicity of its implementation and lack of
parameters as long as one can build a viable robust regression model. However, as with many outlier
detection procedures, the method has certain vulnerabilities that are not always obvious. This note
demonstrates how the procedure can be effective at identifying and treating influential values, but is also
highly sensitive to the number of influential values in the sample and their magnitude with respect to the
regression line used to determine the detection region bounds. The properties of the detection region vary
by whether an influential value is present and by the number and severity when one or more appear. If the
sample contains no influential values, the procedure is anti-conservative in that it trims values not considered
influential to minimize the MSE (by reducing the variance). In contrast, the procedure can become very
conservative depending on the degree of difference of the weighted influential value from the others in the
sample. When the sample contains two or more influential values, Clark Winsorization detects and adjusts
only the influential values and does not trim any values that are not influential. However, our results
demonstrate a potential for masking which should be considered when implementing the procedure.

If the occurrence of an influential value is truly a rare event and large influential values are of interest,
then the small trimming of a handful of values that are not influential is a disadvantage. However, in
applications where influential values are common or where historic data are not available for modeling,
implementing Clark Winsorization definitely requires an assessment of the amount of trimming to determine
if the aggregated small changes greatly affect the estimated total. If not, then this is an appealing approach.
If yes, then other methods such as M-estimation — which give more control over the detection region — may
be advantageous.
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A few remarks on a small example by Jean-Claude Deville
regarding non-ignorable non-response

Yves Tillé!

Abstract

An example presented by Jean-Claude Deville in 2005 is subjected to three estimation methods: the method of
moments, the maximum likelihood method, and generalized calibration. The three methods yield exactly the
same results for the two non-response models. A discussion follows on how to choose the most appropriate
model.

Key Words: Calibration; Generalized calibration; Method of moments; Likelihood.

1 Deville’s example

During a conference at the University of Neuchatel, Jean-Claude Deville (2005) presented a simple
example to illustrate the value of generalized calibration for dealing with non-ignorable non-response
(regarding generalized calibration, see Deville 2000, 2002 and 2004; Kott 2006; Chang and Kott 2008; Kott
and Chang 2010; and Lesage and Haziza 2015). The example is reproduced below in its entirety.

Adjustments to offset the effects of non-response require very accurate knowledge of the factors
that cause it. In particular, if what is to be measured directly influences the response
probability, we must take risks with the data. Here is a small fictional example: A group of
students is interviewed about their use of drugs. The survey results are as follows:

Table 1.1
Deville’s example
YES NO NON-RESPONSE COMBINED
Boys 40 80 180 300
Girls 20 160 120 300
Combined 60 240 300 600

Naively, we would think that the percentage of drug users is estimated at 60/(240 + 60) = 25%.
This estimate is made under the assumption that non-respondents have the same behaviour as
respondents. However, we notice that the response rate for girls is greater than the response
rate for boys. To correct that, we calculate the rate of drug users among girls, or 1/9, and
among boys, or 3/9, and we conclude that the rate of drug users in observed student population
is 2/9 = 22.2%. Now, if we think that drug use is causing the non-response, the model has two
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parameters Py, and p_, the response probabilities of users and non-users, respectively. We
find that these probabilities equal 0.2 and 0.8, respectively. The estimated number of users is
therefore 200 among boys and 100 among girls, and the estimated overall percentage is 50!

At first glance, the example is simple, and it perfectly explains the usual typology of the three non-
response mechanisms. Each of the three estimates proposed in the example corresponds to one of the three
categories below:

e Missing completely at random (MCAR): The response probability does not depend on the
variable of interest (drug use) or on the auxiliary variable (gender).

e Missing at random (MAR): The response probability does not depend on the variable of interest
y after conditioning on the auxiliary variable x (gender). In this case, the response probability
would therefore depend on gender only.

e Not missing at random (NMAR): The response probability depends on the variable of interest
itself (drug use) even if consideration is given to the auxiliary variable x.

The example shows the value of generalized calibration, which can deal directly with NMAR. Jean-
Claude Deville addresses the problem by considering the probabilities Py, and p as parameters to be
estimated. This example can be dealt with in several ways, depending on one’s point of view on inference.

In the following, we will show that there are at least three methods to address the problem, namely the
method of moments, the maximum likelihood method and calibration. The maximum likelihood method
was not dealt with by Jean-Claude Deville. We develop calculations completely for the first two estimation
methods by considering the two models. We also calculate the calibration and generalized calibration
results.

We show that the three results obtained are identical. The estimated likelihood function could be used to
choose between the two models. Unfortunately, the function has the same value for both models, which
does not make it possible to choose the model. However, we propose a way to make a choice.

In Section 2, we present the notation used. Section 3 is devoted to estimation using the method of
moments, and Section 4 is devoted to estimation using the maximum likelihood method. In Section 5, we
apply the calibration and generalized calibration methods. We close with a discussion on the value of each
method in Section 6.

2 Notation
Table 2.1 shows the notation for Table 1.1.

Table 2.1
Notation for Table 1.1

Drug User Non-user Missing Total
Male Mo Ths m, n,
Female Meo les M Ne.
Total I Iy m n
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For simplicity, assume that we are dealing with a census. In other words, the 600 students were not
randomly selected. Therefore, the only source of randomness is the non-response mechanism. This
assumption is not that restrictive, since it is equivalent to considering that the sample is random, but that the
reasoning below is conditional on the random sample. The objective is to estimate the numbers of people in
Table 2.2. This table is assumed not to be random. It is therefore a matter of distributing the non-respondents
m, and m_ between drug users and non-users.

Table 2.2
Number of people to be estimated based on Table 1.1

Drug User Non-user Total
Male Mo N n,.
Female Nep Neg Ne
Total No ng n

As well, it is assumed that the non-response follows a Poisson design, that is, each individual decides
whether or not to respond with a probability independent of other individuals. The response probability may
vary among individuals.

The two vectors (r,,,r,,m,), and (r,r,m.) each have a multinomial distribution whose
parameters depend on the model used. MCAR cases, which are completely trivial, will not be studied. In
Table 2.3, which shows cases of MAR, the response probability depends on gender only (p, for males,
p. for females). In Table 2.4, which shows cases of NMAR, the response probability depends only on
being or not being a drug user (q,, q, for the others).

Table 2.3
Case 1: MAR model, non-response depends on gender

Drug User Non-user Missing Total
Male E(rHD):nHDpH E(rHS): nHS pH E(mH):nH.(l_ pH) nH.
Female E(rF ): Neo Pe E(rFS) = Nes Pe E(mF) = nF.(l_ pF) Ne.
Total E(r,) E(ry) m n

Table 2.4
Case 2: NMAR model, non-response depends on being or not being a drug user

Drug User Non-user Missing Total
Male E(rHD): Nypdp E(rHs):anqs E(mH): Nup (l_qD)+an (l_qs) nH.
Female E(rFD) =Neplp E(rF ): Nesls E(mF):nFD (1_qD)+nFS (l_qs) nF.
Total E(rp) E(r,) m n
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3 Estimation using the method of moments
3.1 MAR

The method of moments makes it possible to estimate parameters quickly. For MAR, we obtain the third
column of Table 2.3 using the equations

E(mH) = nH.(l_ pH)'
E(mF) = nF.(l_ pF)’

which yield the estimators

m
a — H
Py =1-—,
rlH.
m
a — F
Pe =1-—,
nF.
and therefore, from the first two columns,
. n n
nD = PD_FL:D =I’-HD " +rFD = '
pH p;: nH - mH nF - mF
. n n
i, = AHS n AFS =, H. +1 F.
Py Pe Ny —m, Ne —Mg

The estimated response probabilitiesare p, = 0.4 and p. = 0.6. We therefore obtain the estimates shown
in Table 3.1.

Table 3.1
Estimates: MAR
YES NO COMBINED
Boys 100.00 200.00 300
Girls 33.33 266.66 300
COMBINED 133.33 466.66 600
3.2 NMAR
For NMAR, we obtain the following equations from Table 2.4:
1-q 1-q
E(mH) :E(rHD)—D+E(rHS) S’
qD qS
1-¢ 1-q
E(mF) =E (rFD)—D+ E(rFs)—s'
O Qs

After a few calculations, we obtain the following response probability estimators:
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PN — Toles — Tenlhs

qD - '
(mH + rHD)rFS - (mF + rFD)rHS
A — o Tes — Tenlhis
qs - .
(mF + rFS)rHD - (mH + rHS)rFD
Finally, we obtain
A :r._D =r (mH +rHD)rFS_(mF +rFD)rHS =r Ny Tes = Me Tis
D ~ D D )
U Toles — Teplhs Moles — Teplhs
A :r._s - (mF+rFS)rHD_(mH +rHS)rFD =r Ne T — My e
S ~ S S .
s Mioles — TeoThs Tiofes — Teolhs

As Deville writes, the estimated response probabilities are G, = 0.2 and g, = 0.8. We therefore obtain
the estimates in Table 3.2.

Table 3.2
Estimates: NMAR

YES NO COMBINED
Boys 200 100 300
Girls 100 200 300
COMBINED 300 300 600

4 Estimation using the maximum likelihood method

4.1 MAR

The probability distribution is multinomial. For MAR, the following likelihood function applies:

! 1o _ s 1— my
E(nHD,nFD,pH,pF) - n, [nHDpHJ ((nH. nHD)ij [nH,( pH)j

| | |
rHD' rHS' mH' r]H. nH, nH.

% ne! Nep Pe ”° (nF. — nFD) Pe " Ne. (1_ pF) i '
Mep! fes! ML N Ne. Ne.

By setting to zero the partial derivatives of the log-likelihood with respect to parameters p, and p_, we
obtain two equations with two unknowns. The solution yields the estimators

m
F’jH :1__H,

nH.
. m
pF :1—n—F.

By setting to zero the derivatives with respectto n,,, and n_,, we obtain the estimators
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Therefore,

These estimators are exactly the same as those obtained using the method of moments.

4.2 NMAR
For NMAR, the following likelihood function applies:

Rl !(”Ho% j (< o) G J ( (1-95)+(n, —nHD><1—qs>j"“H

Mot Myt n, n n,

(q] [( ) J [ (1-9)+(ne —nFD><1—qs>J'“F |

X
Mep! ! m! n n n

L(nHD’nFD’qD’pS) =

H.

F. F. F.

By setting to zero the partial derivatives of the log-likelihood with respect to the four parameters q_, g,
4o and n_,, we obtain a system of four rather complicated second-order equations with four unknowns.
We used a symbolic computation software program to verify that the solution given by the method of
moments is a solution to this system of equations. Obviously, since the system is second-order, there is a
second solution. However, for Deville’s example, the second solution yields negative values, which are not
valid for estimating probabilities and numbers of people.

n

5 Estimation using calibration and generalized calibration

5.1 Notation

To define calibration, we will establish the following notation. Let U = {1,...,k,..., N} be the set of
people interviewed (here, N = 600) and RcU be the set of respondents to the question regarding drug
use. As well, we define the following:

{(1 0)" if individual k is male

(0 1) ifindividual k isfemale.

and

k

(1 0)" if individual k reported using drugs
Z, =
(0 )" if individual k reported not using drugs.

Using the notation defined above,
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5.2 Estimation using simple calibration

Using simple calibration as described in Deville and Séarndal (1992), we seek a weight that is expressed

as

w, = F(x{1),

where A = (4,,4,) is a parameter vector and F(.) is a calibration function, that is, a strictly increasing

function such that F (0) =1 and whose derivative

F'(.) issuchthat F'(0) = 1.

Vector A is determined by using the Newton method to solve the system of equations

ZF(XE)“)Xk = Zxk-

keR

Finally, the calibration estimator is given by
D

o)

(nH._

(N

S
In our application, equation (5.1) becomes

=£

> F(xia)x,

keR

We directly obtain the following:

w, = F(x]A) = {n Jn -

Therefore, the calibrated estimators are

_mF)F(ﬂ’z)

n, /(n, —m,) ifindividual

(5.1)

keU

=> wez,.

keR

mOF ()

keU

|

k is male

m.) if individual k is female.
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which is exactly the same result as that yielded by the method of moments and the maximum likelihood
method. In this case, the solution does not depend on the calibration function used. Obviously, the example
is especially simple. In more complex cases where the category definitions do not overlap, the result depends
on the calibration function used.

5.3 Generalized calibration

For generalized calibration as defined in (Deville 2000, 2002, 2004; Kott 2006), the weights are
expressed as

w, = F(z]d).
Vector A is determined by solving the system of equations

D F(zlh)x, =D x,. (5.2)

keR keU

Finally, the generalized calibration estimator is given by

ﬁ.D
A~ = z Wka '
nAS keR

In our application, equation (5.2) becomes

Z F (ZE}\,)Xk — (rHDF (/11)+ rHSF (ﬁZ)J — Zxk — (nH.J,

keR roF(4)+rF(4,)) @ n.

"o Ths F(ﬂ’l) _ Ny
[ ]{FM)HJ

Which can be written as a matrix

Ny Tes = Ne Nys
-1
(F (/11)} _ {rHD rHSJ {nH.j _ FesTip — o Ths
F (2'2) Mo Tes Ne. Ny T'ep = Ne Nyp
r..r.—r.r

FD "HS FS"HD

The estimators are therefore

A Ny Tes = Ne Mg

nD - rD

’ Tore . — L
FS'HD FD'HS

A Ny Y'ep = Ne Tip

Ng =Tg :
Meolus ~ TesTho

Again, the solution does not depend on the calibration function used. The solution is identical to the solution
obtained using the method of moments and the maximum likelihood method. Here, too, this property results
from the simplicity of the example. In more complex cases, the result depends on the calibration function
used.
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6 Discussion

Deville’s example is especially welcome since, for both models, the three estimation methods provide
exactly the same estimators. Obviously, if the model is more complicated, using the maximum likelihood
method becomes cumbersome, if not impossible. The calibration and generalized calibration method works
in all cases as long as the number of calibration variables whose totals are known is sufficient and the matrix

Z‘,sz_kF

keR
is invertible. In this example, the determinant of this matrix appears in the denominator of the estimators.
Therefore, a small determinant makes the estimates especially risky. Lesage and Haziza (2015) recommend
verifying that the correlations between variables x, and z, are great enough to avoid potentially
amplifying the bias.

If the variables are quantitative, the solutions will depend on the calibration function used F(.). The use
of the calibration function F (zJi) = 1+ exp(z}2) is recommended, since it has the advantage of providing
weights greater than 1. The inverse of the weights can now be interpreted as a response probability estimated
using a logistic model.

The main difficulty is obviously choosing between the two proposed models. In Deville’s example, it
may seem more “logical” to see the non-response depend rather on drug use than on gender. However, we
are not well equipped to make a choice between the two models. The values of the two likelihood functions
for the estimated parameters are equal. Is it possible to choose the model based on more than a strong
conviction? As suggested in Haziza and Lesage (2016), we recommend always calculating both weightings
and comparing the weights and estimates obtained with each of them.

One option may be to calculate an indicator of the dispersion of the response probabilities, such as the
variance. For example, if the variance is great, it means that the model has made it possible to calculate
response probabilities with greater contrast between individuals and that the model has therefore taken better
account of the non-response. Validation through a search for contrasting weights is the basis for identifying
response homogeneity groups (RHGs) for all segmentation methods, for example with the chi-square
automatic interaction detector (CHAID) algorithm developed by Kass (1980). For example, with CHAID,
in each step the RHGs are split based on categories that result in response probabilities with the greatest
contrast. By using the same principle in choosing the model, we can select the model that provides the
weights with the greatest contrast. For example, if the variance is small, it means that the non-response
model could not highlight the differences in non-response probabilities between individuals. Incidentally,
the variance in response probabilities is the square of the R-indicator defined by Schouten, Cobben and
Bethlehem (2009), used here to choose a non-response model.

In both cases, the average response probability equals 0.5. Specifically,

Ny Pr N Pe

300x0.4+300x0.6
pan, n = =0.5

600

and
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Nyl + sl _ 300x0.2+300x0.8 _

0.5.
b n 600

g=n

For the MAR model, the variance is
_n, (p, —P) +n. (p. —P)° _ 300(0.4-0.5)* +300(0.6 - 0.5)*

\Y =0.0L
MAR n 600
For the NMAR model, the variance is
v o ho (b - 7)° +A (4, —T)° _300(0.2-0.5)* +300(0.8-0.5)* _ 0.09

NMAR n 600
The greater variance of the NMAR model is an argument in its favour. In fact, the response probabilities
show much greater contrast.
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A note on the concept of invariance in two-phase
sampling designs

Jean-Francois Beaumont and David Haziza!

Abstract

Two-phase sampling designs are often used in surveys when the sampling frame contains little or no auxiliary
information. In this note, we shed some light on the concept of invariance, which is often mentioned in the context
of two-phase sampling designs. We define two types of invariant two-phase designs: strongly invariant and
weakly invariant two-phase designs. Some examples are given. Finally, we describe the implications of strong
and weak invariance from an inference point of view.

Key Words:  Double expansion estimator; Horvitz—Thompson estimator; Strong invariance; Two-phase sampling; Weak
invariance.

1 Introduction

Two-phase sampling designs are often used in surveys when the sampling frame contains little or no
auxiliary information. It consists of first selecting a large sample from the population (typically using a
rudimentary sampling design) in order to collect data on variables that are inexpensive to obtain and that
are related to the characteristics of interest. The idea behind two-phase sampling is to create a pseudo-
sampling frame richer in auxiliary information than the original sampling frame. Then, using the variables
observed in the first phase, an efficient sampling procedure can be used to select a (typically small)
subsample from the first-phase sample in order to collect the characteristics of interest. Two-phase sampling
may also be helpful in a context of nonresponse as the set of respondents is often viewed as a second-phase
sample.

We adopt the following notation: consider a population U of size N. A vector |, is generated according
to the sampling design F (1,), where I, = (I,,,...,1,,)" denotes a vector of indicators such that 1,, is either
equal to 0 or 1. The first-phase sample, denoted by s,, is the set of population units for which 1, =1 and
n, = Zieu l;, isthesize of s,. Then, avector I, is generated according to the sampling design F (1, |1,),
where 1, = (1,,,...,1,,)" denotes the vector of indicators such that I, is either equal to 0 or 1. The second-
phase sample, denoted by s, is the set of population units for which both I, =1 and I,, =1 and
n, = Zieu 11, is the size of s,. In practice, note that the indicators 1,, are not generated for the
population units belonging to the set U —s,. However, at least conceptually, nothing precludes defining
these indicators for the units outside the first-phase sample.

Let =, =P(l; =1) and = = P(I1i =11 :1) be the first-order and second-order selection
probabilities at the first-phase. Similarly, let 7, (1,) = P(l,, =1| 1,) and z,; (1) = P(1, =1,1,; =1] 1,)
be the first-order and second-order selection probabilities at the second-phase. Note that the (first-order and
second-order) selection probabilities at the second-phase may depend on the realized sample s,.

1. Jean-Francois Beaumont, International Cooperation and Corporate Statistical Methods Division, Statistics Canada, 100 Tunney’s Pasture
Driveway, R.H. Coats Building, 25" floor, Ottawa, Canada, K1A 0T6. E-mail: jean-francois.beaumont@canada.ca; David Haziza, Département
de mathématiques et statistique, Université de Montréal, Montréal, Canada, H3C 3J7. E-mail: haziza@dms.umontreal.ca.
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The paper is organized as follows. In Section 2, we define the concepts of weak and strong invariance
and provide some examples. In Section 3, we discuss the implications of weak and strong invariance from
an inferential point of view. In particular, we discuss the reverse decomposition of the variance in the case
of a strongly invariant two-phase sampling design.

2 The concept of invariance

We distinguish the concept of strong invariance that may also be called distribution invariance from that
of weak invariance that may also be called first-two-moment invariance.

Definition 1. A two-phase sampling design is said to be strongly (or distribution) invariant provided that

F(,[1)=F(,) 2.1)

A consequence of Definition 1 is that F (1,,1,) = F (I,)F (1,) and therefore, with a strongly invariant
two-phase sampling design, the vector 1, can be generated prior to the vector I,. In practice, the concept
of strong invariance is satisfied for only few two-phase sampling designs. A first example is Poisson
sampling at the second phase. This covers the case of nonresponse, which is often viewed as a Poisson
sampling design at the second phase. An other example is two-stage sampling. Both are described in greater
detail below.

Example 1. At the first phase, a sample s, is selected according to an arbitrary sampling design followed
by Poisson sampling at the second phase, where the units selection probability 7z, (I,) are set prior to
sampling, which means that 7, (1,) = z,; for i eU. Since Poisson sampling is completely characterized
by its first-order selection probabilities, we have F (1,|1,) = F(l,). As a result, this sampling design is
strongly invariant. It can be implemented as follows: first, generate the vector |, according to the Poisson
sampling design F (1,) and, independently, generate the vector 1, according to the design F(l1,).

Example 2. Two-stage cluster sampling can be described as follows: at the first stage, a sample of clusters
is selected randomly from the population of clusters. Then, at the second stage, within each cluster selected
at the first stage, a sample of elements is randomly selected. Note that, even in this case, the vector I, is
still defined at the element level, with its size N corresponding to the number of elements in the population.
Under this set-up, the selection indicator for an element j withincluster i, I,;, isequalto 1 for all elements
j within a selected cluster i. Therefore, two-stage sampling is a special case of two-phase sampling as
described in Section 1. If the selection within clusters is independent of which clusters have been selected
in the first phase, then we are in the presence of a strongly invariant two-stage cluster sampling design.
This is satisfied if the selection of elements within clusters is independent of the selection of elements in any
other cluster. A strongly invariant two-stage cluster sampling designs can be implemented by reversing the
actual act of sampling: instead of sampling the clusters first, we begin by selecting the elements in each of
the population clusters, and then sampling the clusters.

Note that our definition of strong invariance for two-stage designs is slightly different from the one given
in Sarndal, Swensson and Wretman (1992, Chapter 4) because the latter restrict to clusters selected at the
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first stage. However, for practical purposes, both definitions are essentially equivalent. We used Definition 1
rather the standard definition of S&rndal et al. (1992) because the latter does not extend easily to the case of
two-phase sampling.

Definition 2. A two-phase sampling design is said to be weakly (or first-two-moment) invariant if
() =my  and 7y (1) =7y ies,jes,.

Clearly, a strongly invariant two-phase sampling design is weakly invariant but the opposite is not true.
The next example describes a sampling design that is weakly invariant but not strongly invariant.

Example 3. At the first phase, we select a sample, s;, of size n,, according to an arbitrary fixed-size
sampling design. From s;, we select a simple random sample without replacement, s,, of size n,, where
n, is fixed prior to sampling. This two-phase sampling design is weakly invariant since ,, = n,/n,, and
75 =N, (n, —1)/n, (n, —1), which remain the same from one realization of I, to another. However, it is
not strongly invariant since it is not possible to generate 1, prior to I, and meet the fixed-size sample size
constraint for n,. In fact, this would also be true for any fixed-size sampling design at the second phase
satisfying 7,; (1,) = 7,; and 7z, (1,) = 7,;.

Finally, we describe a non-invariant two-phase sampling design.

Example 4. At the first phase, we select a simple random sample without replacement, s,, of size n,,
according to an arbitrary fixed-size sampling design. For every i € s;, we record an auxiliary variable x.
From s;, a second-phase sample, s,, of fixed size n,, is selected using an inclusion probability
proportional-to-size procedure. In this case, we have

N, X;

7y (1) = ZX'I _

ieU

Clearly, the inclusion probability of unit i in s, vary from one realization of 1, to another. Since z,; (1,)
is a function of 1,, it is known only after the first-phase sample s, is actually realized.

3 Implications of the invariance property

3.1 Weak invariance

For an arbitrary two-phase sampling design, the inclusion probability of unit i, z,,i € s;, is generally
unknown and is defined as

m =E(l415)
E{LE(L,|1,)} (3.1)
Z”zi(ll)P(ll =1iy),

i =1
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where i, denotes a realisation of the random vector 1,. Therefore, the 7z;’s are generally unknown because
they require the knowledge of P (1, =i,) for every possible I, (in many cases, we do) but also of =, (1,)
for every |1,. The latter are generally unknown because z,; (1,) may depend on the outcome of phase 1.
However, if the sampling design is weakly invariant, then =, (1,) = z,; and (3.1) reduces to

T = Ty Z P(l,=i,) = mymy. (3.2)
iy =1
Suppose that we are interested in estimating the population total t, = Zieu y;. Since the =;’s are
generally unknown, the Horvitz-Thompson estimator of t, ,

fur = zﬂflyi’

ies,

cannot be used, in general. Instead, it is common practice to use the double expansion estimator

r - -1
toe = Z”lilﬂ'zi (1) "y

In general, both f,,; and f,. differ. However, for weakly invariant two-phase designs, it is clear from (3.2),

that both are identical.

3.2 Strong invariance

Let & be a finite population parameter and 6 be an estimator of &. The total variance of & can be
expressed as

V(0)=VE(0]1,)+EV(9|1,). (3.3)

Decomposition (3.3) is often called the two-phase decomposition of the variance; e.g., Sarndal et al.
(1992). If the two-phase sampling design is strongly invariant, the total variance of 0 can alternatively be
decomposed as

V(0)=EV(]1,)+VE(4|1,). (3.4)

The decomposition (3.4) is often called the reverse decomposition of the variance as the order of sampling
is reversed, which can only be justified provided the two-phase design is strongly invariant. The
decomposition (3.4) cannot be used in the case of weakly invariant two-phase design as the vector 1, cannot
be generated prior to the vector I,. The reverse decomposition was studied in the context of nonresponse
by Fay (1991), Shao and Steel (1999) and Kim and Rao (2009), among others. In a nonresponse context,
assuming that the units respond independently of one another, the set of respondents can be viewed as a
second-phase sample selected according to Poisson sampling with unknown inclusion probabilities, called
response probabilities. If the latter remain the same from one realization of the sample to another, we are
essentially in the presence of a strongly invariant two-phase sampling design. Decomposition (3.4) can be
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used to justify simplified variance estimators for two-phase sampling designs; see Beaumont, Béliveau and
Haziza (2015).
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CORRIGENDUM
Statistical matching using fractional imputation

Jae Kwang Kim, Emily Berg and Taesung Park
Volume 42, number 1, (June 2016), 19-40

On page 21 of the original release of Kim, Berg and Park (2016), in remark (2.1), assumption (i) should be
M) XX y) = (Y, %0 y,)

That is, on the right hand side, the subscript of x should be 2 rather than 1.

Corrected electronic versions of the original paper have been uploaded.
Reference

Kim, J.K., Berg, E. and Park, T. (2016). Statistical matching using fractional imputation. Survey
Methodology, 42, 1, 19-40.
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